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Our Goal (Informal)
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specification &

math.h implementation !
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Our Goal (Formal)

<log>
input interval ...
X = (0,2102%) subsd %xmm5, %xmml

lOg x ) R mulpd 7%xmm@, %xmm5

_ psllq $0xc, %xmml
mathematical pshufd $0xe4, %xmm5, %xmmé
specification f

math.h implementation P

* Find a small ® > 0 automatically such that

err(f(x),P(x)) <O forallx € X.
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<log>
input interval ...
X = (0,2102%) subsd %xmm5, %xmml

lOg x ) R mulpd 7%xmm@, %xmm5

_ psllq $0xc, %xmml
mathematical pshufd $0xe4, %xmm5, %xmmé
specification f

math.h implementation P

* Find a small ® > 0 automatically such that
err(f(x),P(x)) <O forallx € X.

* Prove a bound on the maximum precision loss.
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Challenges
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1"#$%$ implementation P

(1) P mixes floating-point and bit-level operations.
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Type  Exponent (p) Significand ) Value
Zero 0 0 (=1)*-0
Subnormal 0 # 0 (—=1)%-271922.0.f
Normal [1,2046]  unconstrained (—1)°-2P71923 .71 f
Infinity 2047 0 (—=1)° - o0
NaN 2047 £0 (—1)- L
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Challenge 1: Bit-Level Operations

* Example: Given N (in int), compute 2" (in double).
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here N = 10 >
bit-shifting by N
[T T T

2N [int]

converting from int to double l
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Challenge 1: Bit-Level Operations

* Example: Given N (in int), compute 2" (in double).

here N = 10 >
bit-shifting by N

|
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works only for0 < N < 31
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Challenge 1: Bit-Level Operations

* Example: Given N (in int), compute 2" (in double).

I i

here N = 10 >
bit-shifting by N integer addition

N + 1023 intl
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|
expensive

TN i

converting from int to double l

1] i
works only for0 < N < 31
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Challenge 1: Bit-Level Operations

* Example: Given N (in int), compute 2" (in double).

here N = 10 >
bit-shifting by N integer addition

expensive N + 1023 i

(T MTTITTITT I
converting from int to double l bit-shifting by 52

1] i
works only for0 < N < 31

[12 bits] . () [52 bits]

23



Challenge 1: Bit-Level Operations
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|
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Challenge 1: Bit-Level Operations

* Example: Given N (in int), compute 2" (in double).

I i

here N = 10 >
bit-shifting by N integer addition

N + 1023 intl

I
bit-shifting by 52

|
expensive

TN i

converting from int to double l

| I | i an mmmmm
works only for0 < N < 31 works for —1022 < N < 1023
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Challenge 1: Bit-Level Operations

* Such bit-level operations are ubiquitous in industry standard
implementations of math.h (e.g., Intel’s implementation).
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<log>
subsd
mulpd
psllq
pshufd

%xmm5, Z%xmml
%Xmmo, %xmm5

$0xc, %xmml
$oxed, %xmm5, %xmmé

math.

h implementation P

(1) P mixes floating-point and bit-level operations.
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<log>

subsd 7%xmm5, %xmml
lOg x ) R mulpd 7%xmm@, %xmm5

_ psllq $0xc, %xmml
mathematical pshufd $0xe4, %xmm5, %xmmé
specification f

math.h implementation P

(1) P mixes floating-point and bit-level operations. [PLDI’16]



Challenges

log x

mathematical
specification f

(2) P is claimed to have precision loss of < 1 ulp.

<log>

subsd 7%xmm5, %xmml

mulpd 7%xmm@, %xmm5

psllq $Oxc, %xmml

pshufd $0xe4d, %xmm5, %xmmé
math.h implementation P




Challenge 2: Highly Accurate Implementations

 Example: log has precision loss of < 1 ulp iff
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Challenge 2: Highly Accurate Implementations

 Example: log has precision loss of < 1 ulp iff
forany x € X,

32



"H$$%& Yo ()*((+,"$-(.//01#2%(345$%4%8&2#2,6 &

I I"#$%&'())'# *#+)%,'-.+./0)&/++)A)BR&YA ]
1/,)#05) " #6

77



"H$$%& Yo ()*((+,"$-(.//01#2%(345$%4%8&2#2,6 &

I I"#$%&'())'# *#+)%,'-.+./0)&/++)A)BR&YA ]
1/,)#05) " #6

/8



"H$$%& Yo ()*((+,"$-(.//01#2%(345$%4%8&2#2,6 &

I I"#$%&'())'# *#+)%,'-.+./0)&/++)A)BR&YA ]
1/,)#05) " #6

*5) - 11.-48<))% ,/=")<*)3Y4&%%,/,)>/40:?

/8



Challenge 2: Highly Accurate Implementations

e Error bounds from [PLDI’16].

ulp error

ll# $%
Intel’s I"#
25
20
15
10
5
0
0.0 1.0 2.0 3.0
input

4.0
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Challenge 2: Highly Accurate Implementations

e Error bounds from [PLDI’16].

ll# $%
Intel’s I"#

25

an

Why such loose error bounds?

10 |

o F---m—-m—--—-- S «—1ulp
0.0 1.0 2.0 3.0 4.0
input

39



"H$$%& Yo ()*((+,"$-(.//01#2%(345$%4%8&2#2,6 &

| 1"HSY8)HE Yo+ #* -$Y&H +$-,+.#/ % 8/0F1 %2

L 4% 01 &#® &3 &#P| U2
1 - Ol - &3 /#0 | 0 #-

45



Challenge 2: Highly Accurate Implementations

* Floating-point operations are sometimes exact.

a®2" = ax2™ if |ax 2™ = 271022,

a©b =a—-> if b/2 <a<?2b.

e Standard error analysis ignores such exactness results,
sometimes constructing imprecise abstractions.

41
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h implementation P
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Challenges

log x

mathematical
specification f

<log>
subsd
mulpd
psllq
pshufd

%xmm5, Z%xmml
%Xmmo, %xmm5

$0xc, %xmml

$oxed, %xmm5, %xmmé

math.h implementation P

(2) P is claimed to have a precision loss of < 1 ulp.

[POPL'18]
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Results from [POPL 18]
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4.00 F
ulp error 1 00
(log scale)

0.06

Intel’s sin

Intel’s log

1.0E+14 _
L ~
~ ~
16E+01 |
v
e o0 o 0'.:3. B : o '3:.' N
025 f o0 7 T 1.0E+00
P o o o og0e L I H RO -.‘
. ' . °
oLt ‘e% e
T 6.3E-02 L— -
314 157 000 157  3.14 226308 21E-154 20E+000 19E+154 1.8E+308

input (log scale)

error bounds from [PLDI’16]
error bounds from [POPL 18]
1 ulp

actual ulp errors
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Results from [POPL 18]

Intel’s sin

16.00
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ulp error
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1.00
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Intel’s log
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45



Results from [POPL 18]
1/03'7)sin 1/0$'7)10g
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Limitations of [POPL 18]

For some cases, our approach
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* may find loose error bounds.
o tan: 13.33 ulpson [17m/64, m/2).

* may require considerable computation (though highly parallelizable).
o log: 461 hours with 16 verifiers run in parallel.

* may not verify for all of intended inputs.
o sin: verified for x € (—m, m); intended inputs are x € (—90112,90112).
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Limitations of [POPL 18]

For some cases, our approach

* may find loose error bounds.
o tan: 13.33 ulpson [17m/64, m/2).

* may require considerable computation (though highly parallelizable).
o log: 461 hours with 16 verifiers run in parallel.

* may not verify for all of intended inputs.
o sin: verified for x € (—m, m); intended inputs are x € (—90112,90112).

* may become semi-automatic (though fully automatic for our benchmarks).

o E.g., P computes round(g(x)) and g is non-linear.
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