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Our Goal
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Our Goal

1log has precision loss of < 1 ulp:

1 logx

S s

log(x)

-

Goal: Prove this claim automatically!

\
\

Industry standard implementations of math.h claim:

“precision loss is less than 1 ulp”
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Floating-Point Numbers/Operations
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Floating-Point Numbers/Operations
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Floating-Point Numbers/Operations
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Floating-Point Numbers/Operations

exponent significand

sign (11 bit) (52 bit)

[l |

O O O

63 52 0
e Example: \1%\ 01111111111 (1100:-00] 5

Il
= (—DU . 2002371023 . 1 707 00],,
* Rounding errors floating-point
* Floating-point arithmetic # Real arithmetic operation

1P (2100 - 2100) =1#0=016 2100) = 2100

* Floating-point implementations often have precision loss
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Ulp Error
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e Definition:
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Problem Statement

(0,21024)

A
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input interval X
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mulpd SxmmZ,
addsd %$xmmO,
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math.h implementation P

* Problem: Find a small ® > 0 automatically such that

ErrUlp(f(x),P(x)) <O

forallx € X
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Problem Statement

<log>
1024 mulpd %xmm2,
log X ) (0,2 ) . addzd % xmm0,
input interval X addsd sxmm7,
mathematical addsd  sxmm5,
specification f

TXmmo
TXmmb
Txmm3
Fxmml

math.h implementation P

* Problem: Find a small ® > 0 automatically such that
ErrUlp(f(x),P(x)) <0 forallx € X

i.e., prove a bound on the maximum precision loss

Goal: wanttofind® < 1
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Previous Work

* Machine-checkable proofs
* Harrison used HOL Light to prove [FMCAD’00]:

“Intel’s sin has precision loss of < 0.574 ulps”
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Previous Work

* Machine-checkable proofs
* Harrison used HOL Light to prove [FMCAD’00]:

“Intel’s sin has precision loss of < 0.574 ulps”

* “Construction of these proofs often requires
considerable persistence.” [FMSD’00]

* Automatic techniques
* Astree [PLDI'03], Fluctuat [FMICS’09], Gappa [TOMS'10],
MathSAT [FMCAD’12], Rosa [POPL'14], FPTaylor [FM’15],
Lee/Sharma/Aiken [PLDI'16], * -
* None of them can prove < 1 ulp error bound automatically
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(1 + €) Property

* A standard way to model rounding errors

* Theorem For any double a and b, and * € {4+, —,X,/},

a®b=(a*b)(1+06) forsome || <e€

where ¢ = 2723

That s, {(axb)(1+6):|8] < e
8 ~ TL\ ;.
Qb a®b
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* Example:
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Standard Error Analysis

* Example:
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Standard Error Analysis

* Example:

f(x) =+v1+x over X =[-0.1,0.1]
e=1@ (0.5QQ x) < implementation of f(x)

1. Construct abstraction Ay of e:
Az(x) = (1+ (0.5 x x)(1+6))(1 +6)
* Az is asound abstraction of e (ore E Ag):

e(x) € {Az(x) : |61],162] <€} forallx € X
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Standard Error Analysis

* Example:

f(x) =+v1+x over X =[-0.1,0.1]
e=1@ (0.5QQ x) < implementation of f(x)
2. Compute a bound on relative error of e:

f(x)=Az(x)
f(x)

x€[—0.1,0.1], 61,6, €[—¢€,€]
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e=1@ (0.5QQ x) < implementation of f(x)
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f(x)=Az(x)

O, = max
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Standard Error Analysis

* Example:

f(x) =+v1+x over X =[-0.1,0.1]
e=1@ (0.5QQ x) < implementation of f(x)

2. Compute a bound on relative error of e:

0 _ max f(x)—Ag(x)
Tel T e[-0.1,01],81.5,€[-ce]l  f(0)
V1+x—(1+(0.5 X x)(1+61))(1+683)
= max
XE[—O.l,O.l], 51,526[—6,6] 1+x

3. Compute a bound on ulp error of e:

Ouip = Ore /€ Theorem ErrUlp(a,b) < ErrRel(a, b)/e
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Standard Error Analysis: Limitation

ulp error

Intel’s 1og
1014
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20
15
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3 ulps
5 / P
____________ I
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input value based on standard
error analysis
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error bounds from [PLDI’16]
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Standard Error Analysis: Limitation

ulp error

Intel’s 1og
1014
25
20
15
[4095 1)
10 14096 -
ulps
5 / P
___________ I
0
0.0 1.0 2.0 3.0 4.0
input value based on standard
error analysis
//
error bounds from [PLDI’16]
=== 1ulp
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Why the Loose Error Bound?

* Floating-point operations are sometimes exact

0.125® x = 0.125 x x if |0.125x| > 271022
x61 = x-—-1 if0.5<x<2

e Standard error analysis constructs imprecise abstractions

0125®x =  0.125 X x if 10.125x| > 271022

I

x 61 x —1 if0.5<x<2
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Why the Loose Error Bound?

* Floating-point operations are sometimes exact

0125 x = 0.125 X x if |0.125x| > 271022
x61 = x-—-1 if0.5<x<2
e Standard error analysis constructs imprecise abstractions
0125 x E 0.125 X x if |0.125x| > 271022
0.125Q x £ (0.125 x x)(1+6)
x61 E x-—1 if0.5<x<2
x©1 E (x-1)1+6)
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* For x € [%Zz,l), log computes
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Analysis of 1og

4095

* For x € [ ), log computes

409

255 255 1
r(x)=[<<2®x)9128> ] [128 91] (~x=1)

and returns

r(x)|— %T(X)Z + -+ ;r(x)7

* Roughly speaking,

(precision loss of 1og) = (precision loss of r(x))
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Analysis of 1og

4095

* For x € [ ), 1log computes

409

255
r(x) = [((2 Rx) O 128) ]

and returns
1

* Roughly speaking,

(precision loss of Log) =

255 1
128

r(x)|— ET(X)Z + -+ ;r(x)7

@1] (x—1)

(precision loss of r(x))
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Standard Analysis of 1og

255 1 4095
r(x) = [<(2®x)9128> ] [ 128 % (MS’K 1)

 Abstraction of r(x):

Ag(x) = (1 + 52) + -

128

255 1
((2 x x)(1+ 6, ——) (1+6,) x =
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Standard Analysis of 1og

255 1 4095
T'(X)=[<(2®X)e (F8®5>61] (me<1>
 Abstraction of r(x):

Ag(x) = 128 2

255 1
((2 X x)(1+60)——> (1+6) X =|(1L+5,)+ -
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Standard Analysis of 1og
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Standard Analysis of 1og

255 1 4095
T'(X)=[<(2®X)e (F8®5>61] (me<1>

 Abstraction of r(x):

255 1
AE(X) = ((2 X X)(l +50) _78> (1 +51) X E (1 +52) + .-
I 255\ |
—(x— )+<X—2—56> 1+

* Bound on relative error of r(x):

Az(x) —(x—1)
x—1

max

4095
mﬁx<1, |6i|<€
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Standard Analysis of 1og

255 1 4095
T'(X)=[<(2®X)e (F8®5>61] (me<1>

 Abstraction of r(x):

255 1
AE(X) = ((2 X X)(l +50) _78> (1 +51) X E (1 +52) + .-
B , < 255)5
—(x— )-I-‘X—ﬁ, 1|+ -

* Bound on relative error of r(x):

Az(x) —(x—1)
x—1

max

4095
mﬁx<1, |6i|<€
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Standard Analysis of 1og

255 1 4095
T(X)=[<(2®x)9 D (78@5)61] (me<1>

 Abstraction of r(x):

Ag (x) =

255 1
((2 X x)(1+50)_78> (146, X 5 (1F68,)+ -

255
=(x—1)+ ‘X—2—56, 51+“'

* Bound on relative error of r(x):

255
max 1 = max 1 €
4095 X — 4095 X —
me<1, |6i|<€ m5x<1

71/146



Standard Analysis of 1og

255 1 4095
T(X)=[<(2®x)9 D (78@5)@1] (me<1>

 Abstraction of r(x):

Ag (x) =

255 1
((2 X x)(1+50)_78> (146, X 5 (1F68,)+ -

255
=(x—1)+ ‘X—2—56, 51+“'

* Bound on relative error of r(x):

2L A/unbounded
max AK(X) —x- D max _ 256 €
x—1 B x—1
%SQKL |6;|<e€ %gggyKl
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Standard Analysis of 1og

255 1 4095
T'(X)=[<(2®X)e (F8®5>61] (me<1>

 Abstraction of r(x):

Az(x) = ((2 X x)(1+8p) —%) (1+6,) X % (1+6,)+ -
255

- (x_1)+<x_2_56>51+"' 101* ulps for 1og

near x = 1 [PLDI'16]

* Bound on relative error of r(x): A
2L unbounded
A5() — (x — 1) 56| [
max = max €
%SQKL |6;|<e€ x—1 %gggyKl 2 =1
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Precise Analysis of 1og

r(x) = [((2

X

oo o[

255
128

1

(4

095
4096

Sx<1>
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Precise Analysis of 1og

exact

/ 255 1 4095
0= (@Bl o5 128 [ 128 % (4096 =X < 1)
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Precise Analysis of 1og

r(x) = [((2

exact

/

N\

255

X

x)

e I

128

Jo3jel

255
128

1

(4

095
4096

Sx<1>
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Precise Analysis of 1og

r(x) = [((2

exact

/

N\

255

X

x)

e I

128

Jo3jel

255
128

1

(4

095
4096

Sx<1>
|
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Precise Analysis of 1og

r(x) = [((2

exact

/

N\

255

X

x)

e !

128

|

X

el

255
128

®

)

4095
4096

<x<1>
|
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Precise Analysis of 1og

r(x) = [((2

exact

/

N\

255

X

x)

e !

128

|

(

* More precise abstraction of r(x):

Az(x) = -1+ (x—1)5

)

4095
—— <
4096

x<1>
|
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Precise Analysis of 1og

128

exact

/N 255\ 1
rx) =l CRK B ® &
* More precise abstraction of r(x):

A(x) = (x— 1)+ (x—1)d

* Tighter bound on relative error of r(x):

A(x) —(x—1) x—1
max 1 = max 1 €
4095 X — 4095 X —
4096SX<1, |67|<e me<1
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Precise Analysis of 1og

128

exact
- [((2 ®/ )\é 755) S 1] (255 S 1) 5 1] (4095 e 1)
r\x) = X ' — —_— — —<x
12802 \4096 ,
* More precise abstraction of r(x):

A(x) = (x— 1)+ (x—1)d

* Tighter bound on relative error of r(x):

As(x) — (x— 1)
x—1

max

4095
2006=X<1, |67|<€e

We prove a bound of &
0.583 ulps for 1og
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Precise Analysis of 1og

r(x) = [((2

exact

/

N\

255

X

x)

E}.

128

|

X

x<1>
|

1 255 1\ =, (4095 _
D 12897 )C \4096 ~

To prove the 1 ulp error bound,

e Need to construct more precise abstractions

4095
m5x<1, |5’|<E

x—1 | 4095 |x — 1]

—4096Sx<1

We prove a bound of &
0.583 ulps for 1og
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Precise Analysis of 1og

r(x) = [((2

exact

/

N\

255

X

x)

E}.

128

|

X

x<1>
|

1 255 1\ =, (4095 _
D 12897 )C \4096 ~

To prove the 1 ulp error bound,
C Need to construct more precise abstractions

Need to use floating-point exactness results

4095
m5x<1, |5’|<E

x—1 | 4095 |x — 1]

Zﬁgng<1

We prove a bound of &
0.583 ulps for 1og
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Sterbenz’s Theorem

e Theorem [Sterbenz, 1973]

%aSbSZa = a®Bb=a-b>»
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Sterbenz’s Theorem

e Theorem [Sterbenz, 1973]
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 Example: 1og forx € ﬂ,l)
14096

T
64

* Example: sin forx € |2m — ,2n+%

1. Compute y=x 6 2n
2. Return y—%y3 + ---+$y9 (=~ siny)
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Sterbenz’s Theorem

e Theorem [Sterbenz, 1973]

%aSbSZa = a®Bb=a-b>»

(4095
 Example: 1og forx € ﬂ,l)
14096

T
64

* Example: sin for|x € |2m — ,2n+%

1. Compute y = x|©|2m &t

2. Return y—%y3 + ---+$y9 (=~ siny)
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Sterbenz’s Theorem

e Theorem [Sterbenz, 1973]

%(1 <b<£2a = aB&Sb=a-—-b>b

* Example: 1og forx € |—,1

4095 )
14096’

e Example: sin forlx € 2n—£,2n+£

64 64

exact > precision loss
- tompute y = X e'z\n—/ of sin is small

2. Return y—%yf3 + "°+$y9 (= siny)
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Sterbenz’s Theorem

* How to apply the theorem automatically?
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Sterbenz’s Theorem

* How to apply the theorem automatically?

e®©e £ ?

* Construct: e C Ag, e C A’g

+ Check: min(4'5(x) ~245(0)) 20 and
x, 6

max (Az(x) — 24z(x) ) <0

nax (45(x) - 245(2))

 Precondition of theorem:
%e(x) <e'(x) < 2e(x) forallx e X
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Sterbenz’s Theorem

* How to apply the theorem automatically?

e®©e £ ?

* Construct: e C Ag, e C A’g

+ Check: min(4'5(x) ~245(0)) 20 and

x, 6 — frue
max (A =(x) —24<2(x)) <0
nax (45(x) - 245(2))
 Precondition of theorem:
%e(x) <e'(x) < 2e(x) forallx e X
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Sterbenz’s Theorem

* How to apply the theorem automatically?

e®©e £ ?

* Construct: e CE Ag, e A’g

 Check:
— {rue

x (A0 - 243(x)) < 0

= —Az;(0) S A3(0) < 243(x)  forallx € X, all |5] < e

 Precondition of theorem:
%e(x) <e'(x) < 2e(x) forallx e X
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Sterbenz’s Theorem

* How to apply the theorem automatically?

can apply — ,
e e £ 7?
the theorem S

* Construct: e CE Ag, e A’g

+ Check: min(4’5() —245(0)) 2 0 and

5 — true
ax (A=(x) —24:(x)) <0
1 (A% () — 245())

m
X,
m
X,

= —Az;(0) S A3(0) < 243(x)  forallx € X, all |5] < e

* Precondition of theorem:

= %e(x) <e'(x) <2e(x) forallx e X
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Sterbenz’s Theorem

* How to apply the theorem automatically?

can apply — = AL A
the theorem eQe C A5(x) A5(x)

* Construct: e CE Ag, e A’g

 Check:
— {rue

ax (4'5(x) — 243(x)) < 0

= —Az;(0) S A3(0) < 243(x)  forallx € X, all |5] < e

 Precondition of theorem:
== %e(x) <e'(x) < 2e(x) forallx e X
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Sterbenz’s Theorem

* How to apply the theorem automatically?

can apply — = AL .
the theorem eOe L A5(x) A5(x)

* Construct: e CE Ag, e A’g

* Check:

D — {rue

= —Az(0) S A3(x) < 243(x) | forallx € X, all |5;] < e

 Precondition of theorem:
— | %e(x) <e'(x) < 2e(x) forallx € X/
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Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb

102/146



Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

103/146



Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

* Example: a4+ b +c, wherea=b =>c >0

104/146



Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

* Example: a4+ b +c, wherea=b =>c >0

* Naiveways: (a@® b)Dc, ad® (bDc), -

105/146



Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

* Example: a4+ b +c, wherea=b =>c >0

* Naive ways: (a @ b)Dc, aPd (bDHc),
* More accurate way:

1. Compute r=a@ bS5 aShb
2. Return (a @ b) D (c &S 1)
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e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

 Example: a + b + ¢, where

a=b

>c>0

* Naiveways: (a@® b)Dc, ad® (bDc), -

* More accurate way.

1. Compute r=a@ bS5 aShb
2. Return (a @ b) D (c &S 1)
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Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

 Example: a + b + ¢, where

a=b

>c>0

* Naiveways: (a@® b)Dc, ad® (bDc), -

* More accurate way.

1. Compute r=a@ bS5 aShb
2. Return (a@® b)) D (cO 1)

(a-lll—b)+r

108/146



Dekker’s Theorem

e Theorem [Dekker, 1971]

la| > |b] and r=a @ bSadBb
= r=(@®db)—(a+b)

 Example: a + b + ¢, where

a=b

>c>0

* Naiveways: (a @ b)Dc, ad® (bDc), -

* More accurate way.

1. Compute r=a@ bS5 aShb
2. Return (a® b) D (c GZF

(a-lll—b) +7

/

109/146
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ePe' BeBe C ?

* Construct: eC Az, e’ EA's, e e’ C (Ag(x) + A’g(x)) (1+96)
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x, 6 x, 0
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* How to apply the theorem automatically?

ePe' BeBe C ?

* Construct: eC Az, e’ EA's, e e’ C (Ag(x) + A’g(x)) (1+96)

* Check: mip|A§(x)| > mELX|A'§(X)| — true
x, 6 X, 0
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Dekker’s Theorem

* How to apply the theorem automatically?

ePe' BeBe C ?

* Construct: eC Az, e’ EA's, e e’ C (Ag(x) + A’g(x)) (1+96)

* Check: min|4z(x)| = max|4's ()| —— true
x, 6 X, 0

= |4z(0)| = 43|  forallx e X, all|6;] <€
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Dekker’s Theorem

* How to apply the theorem automatically?

can apply —_ , Pe' ©OeBe E ?
the theorem B

* Construct: eC Az, e’ EA's, e e’ C (Ag(x) + A’g(x)) (1+96)

* Check: min|4z(x)| = max|4's ()| —— true
x, 6 X, 0

= |4z(0)| = 43|  forallx e X, all|6;] <€

 Precondition of theorem:
=  |e(x)| = |e'(x)] forallx € X
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Dekker’s Theorem

* How to apply the theorem automatically?

Canapply\e@e’@e@e’ -

the theorem

* Construct: e E AE'

e EA’g, e e’

(A43(0) + 4'5(0)) 8

= (4300 + 43(x)) (1 + 8)

* Check: mig|A§ (x)
x,0

- |A§(x)| =

* Precondition of theorem:

= |e(x)| = [e'(x)|

> max|A'3(x)| —— true
x, 6
As()|  forallx e X, all 6] <e
forallx e X
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Dekker’s Theorem

* How to apply the theorem automatically?

can apply —, , e ebe C (Ag(x) + A’g(x)) 0

the theorem

* Construct: eC Az, e’ EA's, e e’ C (Ag(x) + A’g(x)) (1+96)

e Check: min|4<(x)||> max|A=() ||l
minl 502 mal 5l | — true

= |4z(0)| = |[A'4x)| forallx g X, all|6;] <e

 Precondition of theore
= lle()| = |le'(x)| forallx e X !

120/146



More in Our Paper

* More complicated exactness results

* Their explicit statements
* How to apply them automatically
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* How to apply them automatically

* We check preconditions of exacth

e Abstractions

* In practice, we cannot use naive abstractions
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to reduce # of 6 variables without losing much precision
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* More complicated exactness results

. o Solve
* Their explicit statements C
, optimization problems
* How to apply them automatically

* We check preconditions of exacth

e Abstractions

* In practice, we cannot use naive abstractions

because solving max ( Az(x) - ) is difficult
x, 6

* We apply our “compress” operation to abstractions
to reduce # of 6 variables withou{ losing much precisio
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* These are written directly in x86 assembly
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Case Studies

 Benchmarks
* sin, 1log, tan: Intel’'simplementation of math.h
* These are written directly in x86 assembly

* Use bit-level / integer arithmetic operations (bit-shift, int add, ---)

* Mixed in with floating-point operations
* Eliminate them using the technique from [PLDI’16]
— Results in multiple independent subproblems (on subintervals)

* Apply our technique to the resulting floating-point expressions
* Use Mathematica to solve optimization problems analytically
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Results: sin on [-n,«]

16.00
4.00 F S,
ulp error
1.00
(log scale)
e AT . o3t -
025 F "o .
.- $, :
0.06 . fu ’
-3.14 -1.57 0.00 1.57 3.14
input value
------ error bounds from [PLDI’16]
our error bounds
1 ulp
o actual ulp errors
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Results: sin on [-n,«]

16.00
§
4.00 F I B
(rlp errcl)r) 1.00 | 0.530 ulps
og scale L
g o M g RN
0.25 El . : :. H L] ' i . '. - . l.
0.06 ot
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Results: sin on [-n,«]

ulp error
(log scale)

16.00

4.00 F - B

1.00 /0530 Ulps

025 f o’

0.06 = =
-3.14 -1.57 0.00 1.57 3.14

input value

------ error bounds from [PLDI’16]
our error bounds

1 ulp

o actual ulp errors
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Results: 1og on (271022 21024)

1.0E+14 :
~ ~
1.6E+01 |
ulp error
(log scale) =
1.0E+00
.'.".
6.3E-02 - .
22E-308 21E-154 20E+000 1.9E+154 1.8E+308
input value
(log scale)

------ error bounds from [PLDI’16]
our error bounds

1 ulp
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Results: 1og on (271022 21024)

ulp error
(log scale)

1.0E+14 :
~ ~
16E+01 |
T 0.583 ulps
1.0E+00 1. //
T .
6.3E-02 - .
22E-308 21E-154 20E+000 1.9E+154 1.8E+308
input value
(log scale)

error bounds from [PLDI’16]
our error bounds

1 ulp
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Results: 1og o

e 461 hours on 16 cores

ulp error
(log scale)

1.0E+14

~
7~

1.6E+01 |

CC

1

1.0E+00

| /0.583 ulps

.
o..'.

6.3E-02

22E-308 21E-154 20E+000 1.9E+154 1.8E+308

input value
(log scale)

error bounds from [PLDI’16]
our error bounds

1 ulp

actual ulp errors
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e 461 hours on 16 cores

Resu |tS l Og O * Highly parallelizable:

ulp error
(log scale)

* 4 million subintervals

1.0E+14 — :
« < 16 sec on 1 core per subinterval
16E+01 |
f B /0.583 ulps
1.0E+00
T L. —
6.3E-02

22E-308 21E-154 20E+000 1.9E+154 1.8E+308

input value
(log scale)

error bounds from [PLDI’16]
our error bounds

1 ulp

actual ulp errors
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Results: tan on [

13 177‘[) 171 7'[)
)

128’ 64 64 ' 2
16.00 —
pog |
ulp error 1 00
(log scale)  —
0.25 .
0.06

0.10 0.28 0.47 0.65 0.83

input value

------ error bounds from [PLDI’16]
our error bounds

1 ulp

o actual ulp errors
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Results: tan on [

13 177‘[) 171 7'[)
)

128’ 64 64 ' 2
16.00 —
pog |
ulp error 0.595 ulps
(log scale) » l’ S
0.25 .
0.06

0.10 0.28 0.47 0.65 0.83

input value

------ error bounds from [PLDI’16]
our error bounds

1 ulp

o actual ulp errors
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4.0E+03 } \

. 13 17m 17T T
Results: tan on | =,75), |27
128" 64 L 64 " 2
16.00 1.0E+18 |
4.00 16E+13 |
: |
ulp error 0.535 ulps o |
(log scale) » l’ -~
0.25 .
0.06 L— - o - 6.3E-02 :
0.10 0.28 0.47 0.65 0.83 0.83 1.02
input value

error bounds from [PLDI’16]
our error bounds

1 ulp

actual ulp errors
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Results: tan on [

13 177‘[) 171 7'[)
)

128’ 64 64 ' 2

16.00 — Our abstraction must be linear in 6 variables
by L — Results in imprecise abstractions
4.00 ¢
ulp error 0.595 ulps 5
1.00 | 2.6E+08 | ;
(log scale) | L . 13ulps |
025 | 4.0E+03 | \
0.06 L - iy . 6.3E-02 RN S UL S L
0.10 0.28 0.47 0.65 0.83 0.83 1.02 1.20 1.39
input value

—==: error bounds from [PLDI’16]

our error bounds
1 ulp
o actual ulp errors
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Summary

* A novel static analysis for verifying math . h implementations
automatically

* A reduction of this verification task to optimization problems

* Our technique verified some of Intel's math . h implementations
automatically
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* Our technique verified some of Intel's math . h implementations
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Questions?
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