Smoothness Analysis for Probabilistic Programs

Wonyeol Lee
CMU (— POSTECH)

Joint work with: Xavier Rival, Hongseok Yang, Hangyeol Yu
Slides based on: [POPL'23], [NeurlPS’18]

PROBPROG 2024



Part 1

Smoothness Analysis for Probabilistic Programs

Wonyeol Lee
CMU (— POSTECH)

Joint work with: Xavier Rival, Hongseok Yang, Hangyeol Yu
Slides based on: [POPL'23], [NeurlPS’18]

PROBPROG 2024



Part 1

Smoothne?s Analysis for Probabilistic Programs

Part 2

Wonyeol Lee
CMU (— POSTECH)

Joint work with: Xavier Rival, Hongseok Yang, Hangyeol Yu
Slides based on: [POPL'23], [NeurlPS’18]

PROBPROG 2024



f is “smooth”

* In mathematics, f is infinitely differentiable.

* In optimization, Vf is Lipschitz continuous.



f is “smooth”

In mathematics, f is infinitely differentiable.

* In optimization, Vf is Lipschitz continuous.

In this talk, f is “well-behaved.”
* Examples:
* differentiable, infinitely differentiable, ...

e continuous, Lipschitz continuous, ...
* locally bounded, measurable, ...



— Part 1: Smoothness in Probabilistic Programming
[NeurlPS’18]

Part 2: Smoothness Analysis of Programs
[POPL'23]



Probabilistic Programming

* Example: def p(): # model

z = pyro.sample(“z”, Normal(@., 5.))

if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)
else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)

|

Written in Pyro language.
Describes a probabilistic model to be inferred.



Probabilistic Programming

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > 0):4 pyro.sample(“x”, Normal( 1., 1.), obs=0.)
else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density
Performs random sampling.
- — - prior p(2) 0.3
0.2
0.1 .
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Probabilistic Programming

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)

else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density
i Gives a weight to a trace of program.
- — - prior p(z) 0.3/
0.2
0.1
annill / L 7 ‘\‘\ — 7z
-10 -9 3 10



Probabilistic Programming

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)

else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density
- — - prior p(z) 0.3
02
o1
=T | T 2
-10 -5 5 10
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Probabilistic Programming

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)

else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density
- — - prior p(z) 0.3
posterior p(z|x = 0)
0.2
014
-10 -5 5 10
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Probabilistic Programming

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)

else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density
- — - prior p(2) 0.3- posterior inference
posterior p(z|x = 0) problem
0.2
0.1
- , , ‘\‘ __‘ = »
-10 -5 3) 10
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Variational Inference

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > ©): pyro.sample(“x”, Normal( 1., 1.), obs=0.)
else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density def gs(): # guide
_ ~ d = pyro.param(“9’, 1.)
z = pyro.sample(“z”, Normal(d, 1.))
- — - prior p(z) 0.3 T
posterior p(z|x = 0) : , C
02 Describes a family of approx. distributions.
01
== T g
-10 -5 10
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Variational Inference

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > ©): pyro.sample(“x”, Normal( 1., 1.), obs=0.)
else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density def gs(): # guide
_ =~ d = pyro.param(“9’, 1.)
z = pyro.sample(“z”, Normal(d, 1.))
- — - prior p(z) 0.3
posterior p(z|x = 0)
0.2
011
= == 4
-10 -5 3) 10
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Variational Inference

* Example: def p(): # model

z = pyro.sample(“z”, Normal(@., 5.))

if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)
else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)

density def gs(): # guide
d = pyro.param(“9’, 1.)
z = pyro.sample(“z”, Normal(d, 1.))

\,

- — - prior p(z) 0.3
posterior p(z|x = 0)

0.2 Variational inference:

Find & that minimizes this distance.




Variational Inference

* Example: def p(): # model
z = pyro.sample(“z”, Normal(@., 5.))
if (z > @): pyro.sample(“x”, Normal( 1., 1.), obs=0.)
else: pyro.sample(“x”, Normal(-2., 1.), obs=0.)
density def gs(): # guide
_ =~ d = pyro.param(“9’, 1.)
z = pyro.sample(“z”, Normal(d, 1.))
- — = prior p(2) 0.3
posterior p(z|x = 0)
guide gg(z) 02 Variational inference:
with optimal & _ Find 0 that minimizes this distance.
0.1
= TS g
-10 -5 3) 10
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Variational Inference: Details

* Goal: Given a model p(z,x) and a guide gg(2),

do(2)

over 8 € R™,
p(z,x) ’

minimize  L£(0) £ Eg,» llog

\

= dist(p, qg) + const

17



Variational Inference: Details

* Goal: Given a model p(z,x) and a guide gg(2),

qo(2)
p(z,x) ,

minimize  L£(0) £ Ey,(» llog

\

= dist(p, qg) + const

* Typical approach: Apply a gradient descent algorithm.

Orv1 =0 — 1 - Vo L(6,).

over 8 € R",
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Variational Inference: Details

* Goal: Given a model p(z,x) and a guide gg(2),

qo(2)
p(z,x) ,

minimize L(0) £ E,, () llog

\

= dist(p, qg) + const

* Typical approach: Apply a gradient descent algorithm.

—_—
Ory1 =0 — 1 - VgL(0,).

T

Difficult to compute exactly.
So we usually estimate it.

over 8 € R",

19



Gradient Estimators

* Score estimator (= basic):

/\

VoL(6) = --

* Pathwise gradient estimator (= more accurate):

/\

Vo L(6) = ---

for z ~ qp.

for z ~ 7.

20



Gradient Estimators

* Score estimator (= basic):

< oy qo(2)

VoL(0) = log

o ibe Vo(logqy(2))

e Pathwise gradient estimator (= more accurate):

VoL(8) = Vg (10 p(tg(z),x))

for z ~ qg.

for z ~ 7.

21



Gradient Estimators

* Score estimator (= basic):

S oy _ qo(z)
VoL(0) = logp(zyx) X Vg(loggg(2)) for z ~ qp.

* Required: gg(z) should be differentiable in 9, ---.

e Pathwise gradient estimator (= more accurate):

= rroN (10 qe(te (Z)))

VoL(08) = Vg (D) for z ~ r.

* Required: gg(z) and p(z, x) should be differentiable in 8 and z, ---.
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Gradient Estimators

* Score estimator (= basic):

S oy _ qo(z)
VoL(0) = logp(z’x) X Vg(loggg(2)) for z ~ qp.

* Required: gg(z) should be differentiable in 9, ---.

e Pathwise gradient estimator (= more accurate):

= (10 qe(te (Z)))

VoL(08) = Vg (D) for z ~ r.

* Required: gg(z) and p(z, x) should be differentiable in 6 and z, ---.

——
* Soundness:  [E,[VgL(0)] = VgL(6) if all requirements are satisfied.

23



Gradient Estimators: General Case

expressed by programs (with if-else, ...)

* Score estimator (= basic):
ﬂ\ _ q6(z) l
pL(0) = log x Vg(log gg(2)) for z ~ qq.

p(z,x)

* Required: gg(z) should be differentiable in 9, ---.

e Pathwise gradient estimator (= more accurate):

= (10 qe(te (Z)))

VoL(08) = Vg (D) for z ~ r.

* Required: gg(z) and p(z, x) should be differentiable in 6 and z, ---.

———
* Soundness:  [E,[VgL(0)] =VgL(6) ifall requirements a@ﬁsﬁ(
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Gradient Estimators: General Case

expressed by programs (with if-else, ...)

* Score estimator (= basic):
ﬁ\ _ q6(z) l
pL(0) = log x Vg(log gg(2)) for z ~ qq.

p(z,x)

* Required: gg(z) should be differentiable in 9, ---.

e Pathwise gradient estimator (= more accurate):

/

Vg Still holds? for z ~r.

* Required: gg(z) and p(zlx) should be differentiable in 8 and z, ---.

———
* Soundness:  [E,[VgL(0)] =VgL(6) ifall requirements a@ﬁsﬁ(



Gradient Estimators: General Case

We studied this question in [NeurlPS’18]. Answer: No!

e Pathwise gradient estimator (= more accurate):

Vg Still holds? for z ~r.

* Required: gg(z) and p(z| x) should be differentiable in 6 and z, ---.

e N . . s
* Soundness:  [E,[VgL(0)] =VgL(6) ifall requirements a@:ﬁﬁ(



Gradient Estimators: General Case

* Previous example:

def p(): # model
z = sample(“z”, )
sample(“x”,
sample(“x”,

def qy(): # guide
g = pyro.param(“9’, 1)

z = pyro.sample(“z”, Normal(d, 1))

04
- — - model (prior) 0.3 de (Z)
model (posterior)
guide (optimal) 0.2
0.1
~10 5 5 z
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Gradient Estimators: General Case

* Previous example:

def p(): # model
z = sample(“z”, Normal(@, 5))
sample(“x”, Normal( 1, 1), obs=0)

else: sample(“x”, Normal(-2, 1), obs=0)

def qy(): # guide
g = pyro.param(“9’, 1)
z = pyro.sample(“z”, Normal(d, 1))

qo(z): differentiable in 8 and z.

p(z,x): inz.

04
- — - model (prior) 0.3 de (Z)
model (posterior)
guide (optimal) 0.2
0.1
~10 5 5 z
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Gradient Estimators: General Case

* Previous example:

def p(): # model
z = sample(“z”, Normal(@, 5))
if (z > 0): sample(“x”, Normal( 1, 1), obs=0)
else: sample(“x”, Normal(-2, 1), obs=0)

def qy(): # guide
g = pyro.param(“9’, 1)
z = pyro.sample(“z”, Normal(d, 1))

qo(z): differentiable in 8 and z.

p(Z;x): in Z.

Score estimator: sound.

Pathwise gradient estimator:

04
- — - model (prior) 0.3 4o (Z)
model (posterior)
guide (optimal) 0.2
0.1
-10 -5 5
/\ T

Vo L(6) = 0 forall 6.
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Gradient Estimators: General Case

* Previous example:

0.4 |
. . . . . | T qe(2)

If f is non-differentiable in 8, then in general - — - model (prior) 0.3/

model (posterior)

guide (optimal) 0.2

o [ fode = [ Vofoe. ol
T 5
qo(z): differentiable in 8 and z. Score estimator: sound.
p(z,x): in z. Pathwise gradient estimator:
——— T

Vo L(0) = 0 forall 6.
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Gradient Estimators: General Case

Score estimator: Accuracy |/, Requirements { .
Path. grad. estimator: Accuracy 1%, Requirements 1*.
Differentiability requirement is important.

31



Gradient Estimators: General Case

How to maximize the use of path. grad. estimator,
while remaining sound for general programs?

32



Gradient Estimators: General Case

How to maximize the use of path. grad. estimator,
while remaining sound for general programs?

Our automatic approach [POPL'23]. (= [Lew+23])

2. Selective application: Apply path. grad. est. only to these parts.

1. Smoothness analysis: Identify differentiable parts of a model/guide.

33



Part 1: Smoothness in Probabilistic Programming
[NeurlPS’18]

— Part 2: Smoothness Analysis of Programs
[POPL'23]

34



Why Need Smoothness?

@ @

/

differentiable

/

probabilistic model

We can apply more efficient inference algorithms.

VB]Ep(x;e) [f(X)]

— Eyo [Vof(9(e; 0))]

pathwise gradient estimator

dg;  OH
dt— Opi
dpi_ OH
dt Og

Hamiltonian Monte Carlo

35



Why Need Smoothness?

@ @

Of /

probabilistic model

OO
OO
OO
7\ ““\
W, (L
O O /

neural network

cyber-physical systems, -

We can apply more efficient inference algorithms.

| 1 differentiable

VG]Ep(x;O) [f(X)]
— By [Vo(g(c;0))

pathwise gradient estimator

dg;  OH
E B Op;
dpi . OH
dt - (9q7,

Hamiltonian Monte Carlo

Lipschitz
continuous

We can provide provable robustness.

We can give guaranteed generalization bounds.

We can describe and solve differential equations.



Why Need Smoothness?

Goal: Find out smoothness properties of programs,
automatically and soundly.

probabilistic model

T

expressed by programs

/

neural network

cyber-physical systems, ---



Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.

P2 (y:=exp(x) ; if (x>0) {z:=1} else {z:=-1} )

38



Smoothness Properties of Programs

Smoothness = differentiability. | re5]-yalued terministic, imperative programs.

e T~
P 2 ( y:i=exp(x) ; if (x>0) {z:=1} else {z:=-1} )

e [P] : R® — R3

X x' X
)= (2)-(e)
Z z' sgn(x)

39



Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.
P 2 (y:i=exp(x) ; if (x>0) {z:=1} else {z:=-1} )
« [P] : R® — RS

X x' X
)= (2)-(e)
Z z' sgn(x)

* P I yisdifferentiablein x

40



Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.
P £ ( y:=exp(x) ; if (x>0) {z:=1} else {z:=-1} )
e« [P] : R® — R3
X x' X
A z' sgn(x)

in X

for all yg, zg € R.



Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.

P £ (y:=exp(x) ; if (x>0) {z:=1} else {z:=-1} )

 [P] :

3
/

R —- R

X X X
)= (2)-(2)

Z z' sgn(x)

— -
S N X

ha

f: R —= R for all yg,z¢ € R.

°1 (A
Z 7!

o

42



Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.
P2 (y:=exp(x) ; if (x>0) {z:=1} else {z:=-1} )
« [P] : R® — RS

X x' X
)= (2)-(e)
Z z' sgn(x)

* P I yisdifferentiablein x
— f: R — R isdifferentiable forall yy,zo € R.

2@

Zo !

43



Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.
P2 (y:=exp(x) ; if (x>0) {z:=1} else {z:=-1} )
« [P] : R® — RS

X x' X
()= (2)-(2)
Z z' sgn(x)

* P  yisdifferentiablein x.
P I+ zisdifferentiable in x.
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Smoothness Properties of Programs

Smoothness = differentiability. Programs = deterministic, imperative programs.

P £ (y:=exp(x) ; if (x>0) {z:=1} else {z:=-1} )

It is surprisingly subtle to find out such smoothness properties

(1) automatically,
(2) soundly, and
(3) precisely enough.

45



Differentiability Analysis

Want to check differentiability of a program in a compositional way.

Case for seg-composition: --:
Case for if-else: ---

Case for while: ---

46



Differentiability Analysis

Want to check differentiability of a program in a compositional way.

Case for seq-composition: Given P, P’ and U,V < Var,

VvueU,VveV. P;P’ F uisdifferentiableinv ?

O— O

v u

Case for if-else: ---

47



Differentiability Analysis

Based on the chain rule:

3T <€ Var. VvueU,VteT. P’  uisdifferentiableint
VteT,VvelVl. P I t isdifferentiableinv

Vu€eU,VveV. P;P’ F uisdifferentiableinv

J

CPCPC

v t u

48



Differentiability Analysis

Based on the chain rule:

3T <€ Var. VueU,VteT. P’

Looks sound by chain rule.
Previously proposed & studied
(e.g., [CACM’12] for continuity).

- uis differentiablein t j

VteT,VvelVl. P I t isdifferentiableinv

Seq

Vu€eU,VveV. P;P’ F uisdifferentiableinv

O—0O—0

v

49




Differentiability Analysis

Based on the chain rule:

3T <€ Var. VueU,VteT. P’

Looks sound by chain rule.
Previously proposed & studied
(e.g., [CACM’12] for continuity).

- uis differentiablein t /

VteT,VvelVl. P I t isdifferentiableinv

Seq

Vu€eU,VveV. P;P’ F uisdifferentiableinv

Is this rule indeed sound?

50




Soundness Issue

P;P’ £ (y:=sgn(X) ; z:=x+y).

VueU,VteT. P’ + wuisdifferentiableint
VteT,VvelVl. P I t isdifferentiableinv

Seq
Vu€eU,VveV. P;P’ F uisdifferentiableinv

X X X X
() & () () s (2)
Z [P Z , Z [P°] X+Yy

51



Soundness Issue

P;P’ 2 (y:=sgn(x) ; z:=x+y). U 2{z},T £ {x},V 2 {x}.

< VueUVteT. P’ + uis differentiableint
v VteT,vvelV. P + t isdifferentiablein v

Seq
Vu€eU,VveV. P;P’ F uisdifferentiableinv

5T 5 ) |

52



Soundness Issue

P;P° 2 (y:=sgn(x) ; z:=x+y). U 2{z},T 2 {x},V & {x}.

v VueUVvteT.
v/  VteT,vvev.

P’ + uis differentiableint
P F t isdifferentiableinv

X VueUvvev.

Seq
P;P’ F uisdifferentiablein v
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Soundness Issue

P;P° 2 (y:=sgn(x) ; z:=x+y). U 2{z},T 2 {x},V & {x}.

v/ VueUVvteT. P’ + uis differentiableint
v/ VteT,VvevV. P + tisdifferentiableinv

Seq
X vueU,vveV. P;P’° + uisdifferentiable in v

This rule is unsound! But why?
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Soundness Issue

P;P° 2 (y:=sgn(x) ; z:=x+y). U 2{z},T 2 {x},V & {x}.

v  VueUVvVteT.
v/ VteT,VveV.

P’  uisdifferentiableint
P F t isdifferentiableinv

X VueUvVvvev.

Seq
P;P’ F uisdifferentiablein v
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Soundness Issue

P;P’ 2 (y:=sgn(X) ; z:=x+y).

U=2{z},T2{x},V2{x}

v/ VueUVvteT. P’ + uis differentiableint

v/  VteT,vvev. P +t

is differentiable in v

Seq

X vueU,vveV. P;P’ r uisdifferentiable in v

non-differentiable used
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Soundness Issue

P;P’ 2 (y:=sgn(X) ; z:=x+y).

U=2{z},T2{x},V2{x}

v/ VueUVvteT. P’ + uis differentiableint

v/  VteT,vvev. P +t

is differentiable in v

Seq

X vueU,vveV. P;P’° + uisdifferentiable in v

non-differentiable used
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Soundness Issue

VueU,VteT. P’ + wuisdifferentiableint
VteT,VvelVl. P I t isdifferentiableinv

Seq
Vu€eU,VveV. P;P’ F uisdifferentiableinv

Lesson: Need to consider dependency between variables.
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Possible Fix

P;P’ 2 (y:=sgn(X) ; z:=x+y).

U2 {z}\F—=HHV 2 {x}.

VagA
vu € U/NV t e P’ F+ uis differentiableint
Vit E‘-F,’ Vv el. P I t isdifferentiableinv
Seq’

X vueU,vveV. P;P’° + uisdifferentiable in v

X X
3) 5 (e
A [P] A [P°] x + sgn(x)

—>

X
sgn(x)
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Possible Fix

P;P’ 2 (y:=sgn(X) ; z:=x+y).
Var

U2 {7z} F—=pH 1V 2 {x).

S
vu e U/Nt e P’ + uis differentiableint
x Vit E\-F,’ Vv el. P I t isdifferentiableinv

4

Seq

X vueU,vveV. P;P’° + uisdifferentiable in v

X
( y > sgn(x))>
A X A [P°] x + sgn(x)

non-differentiable

—>

X
sgn(x)
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Possible Fix

P;P’ 2 (y:=sgn(x) ; z:=x+y). U 2 {z}F—2HHV 2 {x}].

Var
S
vu e UNt e P’ + uis differentiableint
X Vit E\-F,’ Vv el. P I t isdifferentiableinv

4

Seq
X vueU,vveV. P;P’° + uisdifferentiable in v

X X
( S ) — sgn(x)
Z ) A [P°] x + sgn(x)

1
| o o a1 1

This rule now looks sound. Right...?
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Soundness Issue (Again)

P;P> £ (y:=x; z:=f(x,y)) for f(x,y)é{xy/(x%yz) if (x, ) # (0,0)

Yu€e U, Vt €Var. P’ I uisdifferentiableint
vVt € Var,Vv e V. P  t isdifferentiableinv

4

Seq
VueU,VveV. P;P’  uisdifferentiablein v

X X X X
) s ) G) el
Z [P] Z Z [P”] fx,y)

0 if (x,y) = (0,0).
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Soundness Issue (Again)

P;P’ £ (y:=x; z:=F(x,y)) for f(x,y)é{
U=2{z},V £ {x}.

xy/(x% 4+ y?2) if(x,y) # (0,0)

< Vu€eU, VvVt €eVar. P’ + uisdifferentiableint
< Vt eVar,VveV. P | t isdifferentiableinv

4

Seq
VueU,VveV. P;P’  uisdifferentiablein v

7
./ P\

) X
e
Z F%,7)

0 if (x,y) = (0,0).
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Soundness Issue (Again)

P;P’ £ (y:=x; z:=F(x,y)) for f(x,y)é{
U2{z},V £ {x}

xy/(x% 4+ y?2) if(x,y) # (0,0)
0 if (x,y) = (0,0).

v Vu€eU, Vt €Var. P’ + uisdifferentiableint
v/ Vt eVar,Vv€V. P I t isdifferentiableinv

X VueUVveV. P;P’ + uisdifferentiable in v
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Soundness Issue (Again)

P;P’ £ (y:=x; z:=F(x,y)) for f(x,y)é{
U2{z},V £ {x}

xy/(x% 4+ y?2) if(x,y) # (0,0)

v Vu€eU, Vt €Var. P’ + uisdifferentiableint
v/ Vt eVar,Vv€V. P I t isdifferentiableinv

4

Seq
X VvueUVveV. P;P’ + uisdifferentiable in v

x x
(y —> —> X
Z [P] Z P F—1[x = 0] - 2

This rule is still unsound! But why?

0 if (x,y) = (0,0).
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Soundness Issue (Again)

P;P’ £ (y:=x; z:=F(x,y)) for f(x,y)é{
U2{z},V £ {x}

< Vu€eU, VvVt €eVar. P’ + uisdifferentiableint
< Vt eVar,VveV. P | t isdifferentiableinv

xy/(x% 4+ y?2) if(x,y) # (0,0)

4

Seq
X VvueUVveV. P;P’ + uisdifferentiable in v

.j (id, 1d) x>\ X
X f X
[[Pu v\ z gy 1[x # 0] - 5

partially differentiable

0 if (x,y) = (0,0).
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Soundness Issue (Again)

P;P’

U £

(aomsca2 228 if (v A1) = (0,0)
( Fact: g, h are partially differentiable % g °© h does so. = (0,0).
v Vu€eU, Vt €Var. P’ + uisdifferentiableint
v/ Vt eVar,Vv€V. P I t isdifferentiableinv
Seq’

X VueUVveV. P;P’ + uisdifferentiable in v
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Soundness Issue (Again)

P;P’ 2 (y:
Usi{znvs 9 h are partially differentiable = g o h does so.

(tr2 v 2N if (v A + (0,0)
= (0,0).

v VYu€eU, Vt €Var. P’ + uisdifferentiableint \assu;neql im?I(;citIy,
v/ VvVt €Var,YyveV. P [ t isdifferentiablein v utinvaid.

Seq’
X VvueUVveV. P;P’ + uisdifferentiable in v

x ) (id, id) /x\ ( X
(g) i f ’“ )

partiainzeiffer=ntiable
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Soundness Issue (Again)

Yu€e U, Vt €Var. P’ I uisdifferentiableint
vVt € Var,Vv e V. P  t isdifferentiableinv

4

Seq
VueU,VveV. P;P’  uisdifferentiablein v

Lesson: Need to identify & check assumptions on target smoothness.
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It is subtle to do smoothness analysis, soundly (and precisely).

—  Our approach for smoothness analysis
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Our Approach: Smoothness Property

P+ Uis@-smoothinlV (U,V < Var)
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Our Approach: Smoothness Property
P+ Uis@-smoothinV (U,V < Var)

* ¢ C {f:R"™ - R™}: any set of functions we consider “smooth”.

* E.g., {f: partially differentiable}.
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Our Approach: Smoothness Property
P+ Uis@-smoothinV (U,V < Var)

* ¢ C {f:R™ - R™}: any set of functions we consider “smooth”.

* E.g., {f: partially differentiable}, {f: jointly differentiable}, {f: continuous}, ---.
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Our Approach: Smoothness Property
P+ Uis@-smoothinV (U,V < Var)

* ¢ C {f:R™ - R™}: any set of functions we consider “smooth”.

* E.g., {f: partially differentiable}, {f: jointly differentiable}, {f: continuous}, ---.

e P | {x, y} IS qb-smooth in {y, Z}
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Our Approach: Smoothness Property
P+ Uis@-smoothinV (U,V < Var)

* ¢ C {f:R™ - R™}: any set of functions we consider “smooth”.

* E.g., {f: partially differentiable}, {f: jointly differentiable}, {f: continuous}, ---.

in{y,z}

forany xo € R.



Our Approach: Smoothness Property
P+ Uis@-smoothinV (U,V < Var)

* ¢ C {f:R™ - R™}: any set of functions we consider “smooth”.

* E.g., {f: partially differentiable}, {f: jointly differentiable}, {f: continuous}, ---.

{x,y}is in {y, z}
f: R — R? for any xo € R.

yi| — (Y
;




Our Approach: Smoothness Property
P+ Uis@-smoothinV (U,V < Var)

* ¢ C {f:R™ - R™}: any set of functions we consider “smooth”.

* E.g., {f: partially differentiable}, {f: jointly differentiable}, {f: continuous}, ---.

e P | {x, y} is](p-smooth in {y, Z}
o f - R2 — R?2 € (I) for any Xo € RR.

yi| — (Y
;




Our Approach: Smoothness Analysis

dP» Sp ZVar N 2Var

/N

dependency smoothness
info of P info of P
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Our Approach: Smoothness Analysis

dP: Sp ZVar N ZVar

/N

dependency smoothness
info of P info of P

* Invariants: P + Vis dependent at most on dp (V).
P  Vis¢-smoothin sp(l/).
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Our Approach: Smoothness Analysis

* |nvariants:

 Rules:

dP: Sp ZVar N ZVar

/N

dependency smoothness
info of P info of P

P I V isdependent at most on dp(V).
P F Vis¢-smoothin sp(V).

dp.pr (V) 2 dp(dpr (V). «—

depend

depend

at most on at most on

:PECP;C

dp(dpr(V))  dpr (V)

1
31

V
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Our Approach: Smoothness Analysis

* |nvariants:

* Rules:

dP» Sp ZVar N ZVar

/N

dependency smoothness
info of P info of P

P I V isdependent at most on dp(V).
P F Vis¢-smoothin sp(V).

dp.pr (V) £ dp(dpr (V).
Sp;p’(V) = SP(dP’(V)) N dp(sp (V)9)".
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Our Approach: Smoothness Analysis

dP» Sp ZVar N ZVar

/N

dependency smoothness
info of P info of P

* Invariants: P F V is dependent at most on dp (V).

P F Vis¢-smoothin sp(V).

* Rules: dp.pr (V) £ dp(dpr (V).
. SP;P, (V)'é‘ SP (dP/ (V))' N ‘dP(SP’ (V)C)C;
u € u € N u €
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Our Approach: Smoothness Analysis

dP: Sp ZVar N ZVar

/4 \ must be may
smooth depend
dependency smoothness | ;

info of P info of P ( > Pyi ,( H.(P ’ )

u dP’ (V) |74

* Invariants: P F V is dependent at most on dp (V).

P F Vis¢-smoothin sp(V).

* Rules: dp.pr (V) £ dp(dpr (V).
sp,pr (V) 2 sp(dpr (V)N dp(spr (V).
= ue ¥ A ue
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Our Approach: Smoothness Analysis

dP: Sp ZVar N ZVar

/4 \ must be may
smooth depend
dependency smoothness | ;

info of P info of P <> Pi() P1'|<>

u dP’ (V) V

* Invariants: P F V is dependent at most on dp(1).

P F Vis¢-smoothin sp(V).

must may be
not depend non-smooth

* Rules: dp.pr (V) £ dp(dpr (V).

spipr (V) sp(dpr DA dplspr 1N | ()Pha()Pluy

u e ue ¥ A UE «— | u spr(V)° 1%
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Our Approach: Smoothness Analysis

* |nvariants:

* Rules:

dp.pr (V) £ dp(dpr (V).
Sp.p/ (V)'é‘Sp (dpl (V)

A dp(spr (V).

ue ¥ A ue «—

dP: Sp ZVar N ZVar
/4 \ must be may
th d d
dependency smoothness Smci)o ep;en
info of P info of P < > Py ,( ) Py ,( >

dor (V 74

P I V isdependent at most on dp (V). " P (V)

P F Vis¢-smoothin sp(V).

must may be

not depend non-smooth

1
)1

:pa:p.:

u spr(V)° V

—> can apply the chain rule.

(not obvious; proved in our soundness theorem)
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Our Approach: Smoothness Analysis (Details)

* |nvariants:

* Rules:

dP: Sp ZVar N ZVar

/N

dependency smoothness
info of P info of P

P I V isdependent at most on dp(V).

P F Vis¢-smoothin sp(V).
P : first-order, imperative PPL

g (if-else, while, sample, observe, ...)

dp.pr (V) £ dp(dpr (V).

SP;P'(V) = Sp(dPI(V)) N dp(SPI(V)C)C.
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Our Approach: Smoothness Analysis (Details)

* |nvariants:

* Rules:

P I V isdependent at most on dp(V).
P F Vis¢-smoothin sp(V).

dp.pr (V) £ dp(dpr (V).

o

dp, sp :'2YAL2VAL <« Var — 2Var

/N

dependency smoothness dp(V) = J dp(v)
vev

info of P info of P
spV) =[] _sp®)
veV

P : first-order, imperative PPL
pd (if-else, while, sample, observe, ...)

(N A& o (d (O A d (e . (17\C\C

More details are in our paper [POPL'23].
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Our Approach: Soundness

Theorem Our ¢-smoothness analysis is sound if ¢ satisfies five assumptions:
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Our Approach: Soundness

Theorem Our ¢-smoothness analysis is sound if ¢ satisfies five assumptions:

* Composition:

Pairing:
Restriction:
Projection:
Strictness:

Vf:R" = R™, g: R™ — R..
Vf:R® = R™, g: R" — R..

Vf = proj,-m : R* = R™,
Vf=Ax.L: R" = R™,

fLgedp = (geof) €.
f,rgep = (f,9) €.
VFiR* = R™x€R¥(k<n). feEp

f €.
f €.

= f(x,—) € ¢.

<— chain rule
<4— merging
<4+— weakening

<4— assignmt
<+— while
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Our Approach: Soundness

Target smoothness property A3 (proj.) Ad4(pair) A5(rest.) A6 (comp.) A7 (stri.)

cont. (CY) o o o o o
locally Lipschitz (= ¢()) @ o 0 O o
uniformly cont. @ o o O 0
Lipschitz cont. @ o o 0 0
jointly diff. @ o o 0 o
continuously diff. (C?) O o o o o
smooth (C™) @ o o 0 0
real analytic (C?) o o o o o

artially cont. (= ¢'P¢)) @ 0 0 X 0
partially diff. (= ¢\P%)) o 0 0 X 0
almost-everywhere cont. o o X X O
almost-everywhere diff. o o X X o
coordinatewise non-decreasing O O @ O o
locally bounded O o o o o
bounded X o o O o
Borel measurable o o o o 0
locally integrable O o X X O
integrable X o X X O




Our Approach: Soundness

Target smoothness property A3 (proj.) Ad4(pair) A5(rest.) A6 (comp.) A7 (stri.)

cont. (C") o o o o o
locally Lipschitz (= ¢()) @ o o 0 0
uniformly cont. @ o o O 0
Lipschitz cont. @ o o 0 0
jointly diff. ) o o o o o)
continuously dift. (C ) O o) o O o
smooth (C™) @ o o 0 0
real analytic (C?) o o o o o
partially cont. (= ¢?¢)) o o o X 0
partially diff. (= ¢(#9)) 0 o o X 0
almost-everywhere cont. o o X X O
almost-everywhere diff. o o X X o
coordinatewise non-decreasing O O @ O o
locally bounded O o o o o
bounded X o o O o
Borel measurable o o o O 0
locally integrable O o X X O
integrable X o X X O




Our Approach: Soundness

Target smoothness property A3 (proj.) Ad4(pair.) A5 (rest) A6(comp.) A7 (stri)
cont. (C”) o o 0

0 o
locally Lipschitz (= ¢(l)) o o o o o
uniformly cont. @ o o o 0
Lipschitz cont. @ o o o 0
jointly diff. @ o 0 o 0
continuously diff. (C?) o o o o o
smooth (C™) O o o o 0
real analytic (C?) o o o o o
partially cont. (= ¢\P¢)) o o o X o
partially diff. (= ¢(#9)) @ o o X 0
almost-everywhere cont. @ o X X O
almost-everywhere diff. o o X X O
coordinatewise non-decreasing © o e @ ©
locally bounded o o o o o
bounded X o) o) o) o)
Borel measurable © o o o 0
locally integrable O o X X O

X o X X o

integrable




Evaluation

* We implemented a static smoothness analyzer for Pyro programs.

- It can analyze differentiability (and locally Lipschitz continuity).
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Evaluation

* We implemented a static smoothness analyzer for Pyro programs.

- |t can analyze differentiability (and locally Lipschitz continuity).

* We implemented our gradient estimator using our analyzer.

(1) Identify differentiable parts of model p(z, x) and guide qg(2).
(2) Find S € {74, ..., z,, } that satisfies diff'ty req’s of path. grad. estimator.
(3) Apply path. grad. estimator to S, and score estimator to S°¢.
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Evaluation Results

random variables z;
to which path. grad. estimator is applied

v
- A
_ ['Our estimator Pyro’s default estimator
Example in Pyro LoC
#rv (Sound) #rv(Sound) #rv(Unsound)

Splitting normal 16
-+« (7 examples omitted)

Deep exponential family 105
Deep Markov model 112
Hidden Markov model 137
Single-cell annotation 147
Attend-infer-repeat 174
Conditional VAE 205
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Evaluation Results

random variables z;
to which path. grad. estimator is applied

v

Example in Pyro LoC Our estimator Pyro’s default estimator

# rv (Sound) || #rv(Sound) #rv(Unsound)
Splitting normal 16 T T
-+« (7 examples omitted)
Deep exponential family 105
Deep Markov model 1 Ours checks diff’ty req’s using|smoothness analysis.
Hidden Markov model 137 ° Pyro does not check diff’ty req’s, so it can be unsound.
Single-cell annotation 147
Attend-infer-repeat 174
Conditional VAE 205
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Evaluation Results

random variables z;
to which path. grad. estimator is applied

v

Example in Pyro

LoC

Our estimator

Pyro’s default estimator

#rv (Sound) #rv(Sound) #rv(Unsound)

Splitting normal 16 1 1 1
-+« (7 examples omitted)

Deep exponential family 105 6 6 0
Deep Markov model 112 1 1 0
Hidden Markov model 137 2 2 0
Single-cell annotation 147 3 3 0
Attend-infer-repeat 174 1 1 1
Conditional VAE 205 1 1 0
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Evaluation Results

random variables z;
to which path. grad. estimator is applied

v

Example in Pyro

LoC

Our estimator

Pyro’s default estimator

due to if-else

due to div-by-0

#rv (Sound) #rv(Sound) #rv(Unsound)
Splitting normal 16 1 1 1
-+« (7 examples omitted) \
Deep exponential family 105 6 6 0
Deep Markov model 112 1 1 0
Hidden Markov model 137 2 2 0
Single-cell annotation 147 3 3 0 J
Attend-infer-repeat 174 1 1 1
Conditional VAE 205 1 1 0
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High-Level Messages

* Smoothnes properties play an important role in prob. prog. (and other areas).

- Example: Pathwise gradient estimator.

* |tis subtle to design a proper smoothness analysis (sound and precise).

- Reason: Make assumptions on target smoothness which are easily violated.
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High-Level Messages

* Smoothnes properties play an important role in prob. prog. (and other areas).

- Example: Pathwise gradient estimator.

* |tis subtle to design a proper smoothness analysis (sound and precise).

- Reason: Make assumptions on target smoothness which are easily violated.

* There are some PL research opportunities for ML (which are less explored).

- Example: Static analysis for automatic planning of inference algorithms.
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Gradient Estimators: General Case

Our automatic approach [POPL'23]. (= [Lew+23])
1. Smoothness analysis: Identify differentiable parts of a model/guide.
2. Selective application: Apply path. grad. est. only to these parts.

Other approaches.
* Generalization of path. grad. est.: [Lee+18], [Bangaru+21], ...
 Smoothing of input programs: [Khajwal+23], [Wagner+24], ...
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Evaluation Results

random variables z;
to which path. grad. estimator is applied

v

_ Our estimator Pyro’s default estimator
Example in Pyro LoC
#rv (Sound) #rv(Sound) #rv(Unsound)
Splitting normal - > 1

-+ (7 examples o . \

_ Pyro s default estimator due to branching
Deep exponentiz . 0
Deep Markov mq | oss -, | 0
Hidden Markov 1l (£) | 0 ,

, Our estimator due to div-by-0
Single-cell annot o { 0 J
Attend-infer-repe - 1
Conditional VAE E) SO'OO 100100 15(500 20(300 25(500 30(300 O

Iterations 111




