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The study of the expressive power of neural networks has investigated the fundamental limits of neural
networks. Most existing results assume real-valued inputs and parameters as well as exact operations during
the evaluation of neural networks. However, neural networks are typically executed on computers that can
only represent a tiny subset of the reals and apply inexact operations, i.e., most existing results do not apply
to neural networks used in practice. In this work, we analyze the expressive power of neural networks under a
more realistic setup: when we use floating-point numbers and operations as in practice. Our first set of results
assumes floating-point operations where the significand of a float is represented by finite bits but its exponent
can take any integer value. Under this setup, we show that neural networks using a binary threshold unit
or ReLU can memorize any finite input/output pairs and can approximate any continuous function within an
arbitrary error. In particular, the number of parameters in our constructions for universal approximation and
memorization coincides with that in classical results assuming exact mathematical operations. We also show
similar results on memorization and universal approximation when floating-point operations use finite bits for
both significand and exponent; these results are applicable to many popular floating-point formats such as

those defined in the IEEE 754 standard (e.g., 32-bit single-precision format) and bfloat16.

1. Introduction

Identifying the expressive power of neural networks is an important
problem in the theory of deep learning. Theoretical results represented
by the universal approximation theorem have shown that neural net-
works with sufficiently large width and depth are able to approximate
a continuous function on a compact domain within an arbitrary er-
ror (Cybenko, 1989; Hornik, Stinchcombe, & White, 1989; Lu, Pu,
Wang, Hu, & Wang, 2017; Park, Yun, Lee & Shin, 2021; Pinkus,
1999). Another line of work on memory capacity has studied regression
problems and showed that shallow networks with O(n) parameters can
fit arbitrary n input/output pairs (Baum, 1988; Huang & Babri, 1998;
Vershynin, 2020; Yun, Sra, & Jadbabaie, 2019), while o(n) parameters
are sufficient for deep ones with w(1) layers (Park, Lee, Yun & Shin,
2021; Vardi, Yehudai, & Shamir, 2022). However, since these results
assume exact mathematical operations, they do not apply to neural
networks executed on computers that can only represent a tiny subset
of the reals (e.g., floating-point numbers) and perform inexact opera-
tions (e.g., floating-point operations) (Puheim, Nyuldszi, Madarasz, &
Gaspar, 2014; Wray & Green, 1995).

* Corresponding author.
E-mail address: sejun.park000@gmail.com (S. Park).
1 Equal contribution.

Several works studied the expressive power under machine-repre-
sentable parameters. For example, Ding, Liu, Xiong, and Shi (2019)
showed that for approximating a continuous function within ¢ error
using quantized weights, O(K log’ ¢) parameters are sufficient where
K denotes the number of parameters for approximation using real-
valued parameters. The memory capacity of networks with quantized
weights was also studied in Park, Lee, et al. (2021), Vardi et al. (2022).
However, these works also assume exact mathematical operations, and
hence, what neural networks can/cannot do on actual computers has
remained unknown.

Most neural networks used in practice operate under floating-point
arithmetic. Typically, a floating-point number x can be written as x =
s, X a, X 2°, where s,, a,, and e, are called the sign, significand,
and exponent of x, respectively. Here, to express x using a finite
memory, s,, a,, and e, must have finite-bit representations: e.g., in 32-
bit single-precision floats, s, uses 1 bit, a, uses 23 bits, and e, uses
8 bits (IEEE Computer Society, 2019). If we apply floating-point addi-
tion/multiplication to two floating-point numbers, the result is rounded
to a nearest’ floating-point number; hence, floating-point operations
may incur some rounding error.

2 There are other rounding modes (e.g., “round towards 0”) as well, but this paper assumes the “round to nearest (ties to even)” mode since it is the most
commonly used one (e.g., it is the default rounding mode in the IEEE 754 standard (IEEE Computer Society, 2019)).
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Although the relative error of each floating-point operation is usu-
ally small, the relative error incurred by a composition of such opera-
tions can be arbitrarily large, even with a small number of operations.
For example, let 5 be some small floating-point number such that 1/
is also a floating-point number, and consider the expression (1/8)x (1+
5—1). If floating-point operations are applied to this expression and 6 is
small enough, then 1 is returned for the expression 1+ §. This implies
that 0 is returned for (1 + 6§ — 1) as well as for the entire expression.
Thus, the final output 0 has a relative error one compared to the true
output 1 (which is computed under exact operations).

1.1. Summary of contribution

Unlike prior works considering exact mathematical operations that
typical neural network implementations do not perform, in this work,
we investigate the expressive power of neural networks under floating-
point operations, with the following activation functions: Step(x) =
1[x > 0] and ReLU(x) = max{x,0}. To our knowledge, this is the first
work that considers practical neural networks typically implemented by
computers using floating-point numbers (e.g., inputs, parameters, and
intermediate values) and operations (e.g., addition and multiplication).

Our first set of results is for F,, a set of floating-point numbers
with p-bit significand and unbounded exponent (i.e., the exponent can
be any integer), and an input dimension d < 2. We note that F,
have been widely used in the floating-point literature since floating-
point operations in I, do not incur any overflow and underflow (Boldo,
2015; Boldo & Melquiond, 2011; Jeannerod, 2015; Jeannerod, Louvet,
Muller, & Plet, 2016; Jeannerod & Rump, 2018), i.e., F, is often easier
to analyze compared to the bounded exponent case.

« As in the classical results, we show for Step networks that O(n)
parameters are sufficient for memorizing arbitrary » input/output
pairs. Theorem 2 states that there exists a Step network f,
IFZ — F, of O(n) parameters that is parameterized by 6, uses
only floating-point operations, and satisfies the following: for any
D = {(z,y)),..-»(,,¥,)} C IFZ x F, such that z; # z; for all i # j,
there exists 6;, satisfying

fo, (@) = y;, forall i.

We next show that Step networks can also universally approximate
continuous functions on a unit cube. Theorem 3 states that for any
continuous f* : [0,1] — R and € > 0, there exists a floating-point
Step network f : [0,1]¢ N ]FZ - F, such that

If®0 = F*@®I < 1f*® = [£*®)] |+, for all x € [0, 11 N FY,

where [f*(x)] denotes a floating-point number in F, closest to
f*(x). The first term in the error bound denotes an intrinsic error
arising from the nature of floating-point arithmetic, i.e., one cannot
achieve a smaller error than this term.

By carefully analyzing floating-point operations, we further extend
these results to ReLU networks in Theorems 5 and 6.

Our next set of results considers a more realistic class of floating-
point numbers F, , with p-bit significand and ¢-bit exponent, i.e., each
number in F,, can be represented by a finite number of bits. In
particular, we focus on p,q satisfying ¢ > 5and 4 < p < 2972 4+ 2.
This condition on p, ¢ is met by many practical floating-point formats
such as those defined in the IEEE 754 standard (e.g., 32-bit single-
precision format) (IEEE Computer Society, 2019) and bfloat16 (Abadi
et al., 2016); see Section 2.2 for details. We note that operations in F, ,
may incur overflow or underflow unlike in F,,.

» Theorems 8 and 9 show that memorization and universal ap-
proximation using Step networks are possible under F,, with a
similar number of parameters for the F, case. This shows that
Step networks are expressive even under realistic floating-point
operations.
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+ Showing similar memorization and universal approximation results
for ReLU networks is more challenging since the output of an
activation function can be very large unlike in Step networks; this
can incur overflow if the output is multiplied by a large weight
in the next layer. Nevertheless, by carefully analyzing floating-
point operations under F, ,, we show in Theorem 10 that O(n)
parameters are sufficient for memorizing arbitrary » input/output
pairs (z;, y,), ..., (z,, y,), under a mild condition on inputs. In addi-
tion, Theorem 11 shows that universal approximation using ReLU
networks is possible under I, ,.

We lastly note that the numbers of parameters used in our results to
show memorization and universal approximation have the same order
compared to the necessary and sufficient numbers of parameters shown
in corresponding prior results under exact operations.

1.2. Organization

We introduce our problem setup and notations in Section 2. We then
formally describe our results on the expressive power of Step networks
and ReLU networks under F, and F, , in Sections 3 and 4. We present
the proofs of these results in Sections 5 and 6, and conclude the paper
in Section 8.

2. Problem setup and notations
2.1. Notations

We first introduce the notations used in this paper. For n € N, we use
[n] 2 {1,....n}. We often use lower-case alphabets a, b,c, ... for denot-
ing scalar values and bold lower-case alphabets a,b,c, ... for denoting
column vectors where f, g, h are reserved for denoting a scalar-valued
functions. For n € N, we use 1, to denote the n-dimensional vector
consisting of ones. For a vector x, we use x; to denote its ith coordinate.
For S c R and x € R, we use xX&%) £inf . o 0, xS L sup . o\ 0,
x> & inf g0 v, and xS 2 sup,_q.,., 0. Likewise, for x =
(x5 ..+, Xy), we define x(&9) & (x(lss), ,x(f; )y and use x&9), x(<:$),
and x>+ similarly. For x,y € RY, we use [x,y] £ [x;,y;]1X - X [X4, y4];
we also use [x,y), (x,y], and (x,y) similarly. We use [ to denote the
disjoint union.

We use C(X,)Y) to denote the set of all continuous functions from
X to Y. Given a continuous function f : X — R for some compact
X c R?, we use @ r  Ryg = Ry to denote the modulus of continuity
of f, defined as

w,(6) £ sup 1f () = £,

XX €EX 1 ||x—x/ ||, <6

and we use m;l

co;l(s) 25up{6>0: w,(6) < €}

i R,y = Ryo U {0} to denote its inverse, defined as

Throughout this paper, we treat the input dimension d as a constant
and often hide it in the big-O notation O(-).

2.2. Floating-point numbers

We consider two types of floating-point numbers:

F,2{sx(la ~a)x2":se{-1,1},qa,..

F,, = {s x (Lay -+ a,) x 2b=1+emin

.a,€{0,1},b ez} u{0},

se{-1,1},a,,...,a,€{0,1},b € [27 - 2]}

U{sx(0.a,-a,)x2%n : se€{-1,1},a,,....a, € {0,1}}, @

where 1.q; - a, and 0.q; - a, denote binary representations and e,,;, £
—2971+2. We also use e,,,, £2¢°! -1 for F, .. In Eq. (1), the first factor
(i.e., s) of each floating-point number is called the sign, the second
factor (e.g., 1.a; - a,) called the significand, and log, of the third factor
(e.g., b) called the exponent. For instance, the sign, significand, and
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exponent of any x € F,, are always in {-1, 1}, [0,2), and [e,,, gyl
respectively. Many floating-point formats used in practice can also
represent three special values: +o0, —co0, and NaN (not-a-number). We
do not include these values in F, and I, ,, yet we do consider them in
our results (including proofs). For I, ,, we assume that p and g satisfy
g>5and4<p<20242.

As we introduced in Section 1.1, floating-point numbers with un-
bounded exponent FF, have been widely used since it does not incur
any underflow and overflow (i.e., rounding to 0 or +o0) unlike those
over F,, (Boldo, 2015; Boldo & Melquiond, 2011; Jeannerod, 2015;
Jeannerod et al., 2016; Jeannerod & Rump, 2018). On the other hand,
each number in F,, can be represented by a finite number of bits,
and F,, covers many practical floating-point formats. For example,
the following floating-point formats defined in the IEEE 754 stan-
dard (IEEE Computer Society, 2019) are all instances of F, . the 16-bit
half-precision format has (p,q) = (10,5); the 32-bit single-precision
format has (p,q) = (23,8); the 64-bit double-precision format has
(p, q) = (52,11); and the 128-bit quadruple-precision format has (p, q) =
(112,15). Also, the bfloat16 format Abadi et al. (2016), frequently used
in machine learning these days, is also an instance of Fp, with (p,q) =
(7, 8).

We say a non-zero number x € F, , is normal if |x| > 2°min (i.e., sig-
nificand is at least 1), and is subnormal if |x| < 2¢min (i.e., significand is
smaller than 1). In F, , we denote the unit round-off as u 4 277, the
largest number as Q2 £ (2 — u) x 2%nex, and the smallest positive number
as n £ 27P*emin, We also use u £ 277 for F,. We often use F to denote
either F, or F,, .

pq’

2.3. Floating-point operations

For both F, and F,, ,, we consider the rounding mode called “round
to nearest (ties to even)”. Roughly, we round x € R to a floating-point
number y € F that is closest to x, where ties are broken by choosing a
floating-point number that has 0 as the pth binary digit of its significand
G.e., a,=0 in Eq. (1)). Formally, the rounding of x € R in F is defined
as

arg minyE]Fp‘q |x—y| if xe(-2,Q",

[XJ]F,, £ argmin |x - y|, [XJ]FM R if x € [/, ),

yeF, .
—00 if x € (—00,—£2'],

where ties are broken as explained above and Q' = Q+42¢mex=P=! (Boldo,
Jeannerod, Melquiond, & Muller, 2023, Chapter 2.1). If F is clear from
context, we use [x] to denote [x|z. For x € F, we use x~ £ sup_cp. ., 2
and x* £ inf . ., z if exist: e.g., 0" and 0~ do not exist in F,. We note
that all network constructions in our results do not generate infinities
and NaN during all operations including intermediate ones.

We consider the following floating-point operations for F: a @y b £
[a+blp, a©p b 2 a® (=b), and a @y b 2 [ax b|y. We use a @ b,
a© b, a®b to denote a @y b, a By b, a @ b if F is clear from
the context. Since the addition between floating-point numbers is not
associative, the ordering of a summation becomes important. We define
the summation operation € of a sequence of floating-point numbers

X1, X,, ... inductively as follows: for 69:'1:1 x; 2 xp,
n n—1

@xi 2 <®x,~> ® x,.

i=1 i=1

For y,x, x,, ..., € FF, we also define the order of operation as
n n—1

vo@Px 2 <y69@x,-> ® x,,
i=1 i=1

and
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Using €D, we define an affine transformation under floating-point arith-
metic as follows: for x = (x|,...,x,) € F", w = (w,,...,w;) € F¥, and
I ={i,....i;} Cln+ 1] with i} < - <ip,
k

affp(x,w, 1) 2 G?(w, ®z),

=
where (z,...,2,41) = (xp, ..., x,, D).
2.4. Neural networks

Let F be a set of floating-point numbers, L € N be the number
of layers, Ny = d and N; = 1 be the input and output dimen-
sions, Ny,...,N;_; € N be numbers of hidden neurons, and I,; =
{00141, € [N;_y + 1] be a set of indices that characterizes the
affine map used for computing an input to the ith hidden neuron in the
layer /. Let N = Zf:_ll N, be the total number of hidden neurons and
I= Z,L: | Zi’l |Z,;| be the total number of free parameters. Under this
setup, we define a neural network f, 7(-;F) : F¢ — F parameterized
by 0 € F/ with T 2 (Z,;.....T; y,, -, Iy, L1y, ) Via the following
recursive relationship: for each / € [L],

fg,z(’ﬁF) 2 oL (x; ),
¢ (x; IF) 2 (¢1,1(X§]F), =¢1,N,(X;F))7
171
¢ 2 affs (v (6 FLw . 1) = @y @ wis (), ),
j=1

w2 (0(¢) 1 (), ..., 0y y, (5 T))), 2

where y(x;F) £ x, o F — F denotes a pointwise activation
function, and 6 denote the concatenations of all w;,, i.e., § € F/. In
the definition of neural networks, we note that ¢, ;(x;F) denotes the
mapping of the input x to the feature of the ith neuron at the /th layer
before applying the activation function of the /th layer, and y;;(x;F)
denotes the mapping of the input x to the feature of the ith neuron at
the /th layer after applying the activation function of the /th layer. See
Fig. 1 for an illustration of the neural network example.

The network defined in Eq. (2) has L layers, N (hidden) neurons,
and I parameters, where each layer / has Zfi’l |Z,;| free parameters.
Note that if 7;; = [N,_; + 1] for all /,i, then the network is fully-
connected. For notational simplicity, we often omit 7 and use f,. We
say a neural network f, is a o network if f, uses ¢ as its activation
function in Eq. (2) for all layers / € [L]. Note that within our network
architecture, every input, output, parameter of the network, and num-
ber occurring during the intermediate calculation is in F. Furthermore,
all operations performed adhere to floating-point arithmetic.

2.5. Memorization

For a set of floating-point numbers F, Z C F¢, and ¥ C T, we say a
neural network f,(-;F) : F¢ - F of I parameters can memorize any set
of n pairs in Z x Y if for any {(z,y),...,(z,,y,)} C ZX Y with z; # z;
for all i # j, there exists a parameter configuration § € F! such that
fo(z;;F) =y, for all i € [n].

2.6. Universal approximation

For a set of floating-point numbers F, a compact set X ¢ R¢, and
Y c R, we say o networks can universally approximate C(X,Y) under
F if for each f* € C(X,Y) and € > 0, there exists a ¢ network
fo(+;F) : F¢ - F such that

[fo: ) = £*Ol S 1F*x) = [f* )] gl + &,

for all x € X nF¢. As we described in Section 1.1, the term |f*(x)
—[f*(x)] | is an intrinsic error from the representation of floating-point
numbers; one cannot obtain a smaller error than this.
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Layer 3

T31 ={t311=1,0312 =2,1313 = 3}

Ya1(xF) =

[Z2,]

Layer 2 o( @ w215 ® Y1, (% F)
=1

Iy = {1211 =1}
Too = {tap1 = 1,292 = 2,223 = 3}

Ty = {e231 = 2,1932 = 3}

Yr1(x;F) =
[Z1,4]

0( @ w1,1,; ® w“,l,,»)
j=1

Layer 1

Tiy = {e,10 = 1,012 =3}
Tip=A{up1 =1,t122 =4,0113 =5}

Tiz = {u31 =4,t132 =5}

fo(x;F) =
[Z3,4]

3(x; F) = @wa,l,j ® P1,45,,(%F)
=1

o @ W25 ® Y1,0,,,(%; )
=1

Y12(x;F) =
[Z1,0

0( @ w12, ® wL,,z,j)
j=1
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w313

P22(x;F) = P23(x; F) =

[Z23]

o @ W35 @ Y1u,,, (x5 F))
=1

J

w2,3,2

P13(x;F) =
[Z1,3]

0( @ w135 ® wu,&j)
j=1

Fig. 1. An illustration of a neural network is presented in Eq. (2). In this example, we set the parameters as follows: d =5, L =3, and N, = N, =3.

3. Expressive power of neural networks under F,

We are now ready to present our main results on the universal
approximation and memorization properties of neural networks under
floating-point inputs, parameters, and operations. In particular, we first
introduce our results for I, in Section 3, and then extend these results
to F, , in Section 4. We defer the proofs of all results in this section to
Section 5.

3.1. Step network results

To show our memorization and universal approximation results for
Step networks under F,, we explicitly construct Step networks that can
memorize arbitrary » pairs or universally approximate a target function.
Here, our Step network constructions consist of indicator functions
for d-dimensional cubes and affine transformations, where such multi-
dimensional indicator functions can be implemented by a single Step
network architecture as in the following lemma. The proof of Lemma 1
is presented in Section 5.2.

Lemma 1. For any p € N and d € [27], there exists a Step network
fo(3Fy) FZ — T, of 3 layers and 6d + 2 parameters that satisfies the
following: for any « = (ay,...,a). = (By.....By) € ]FZ with a; < ; for all
i € [d], there exists 0, ; € IFS‘”2 such that

d
Jo,, 6 F) =1 [x € H[a,-,ﬁ,-l] ,

i=1
for dll x € [0, 117

Lemma 1 shows that if the input dimension d smaller than or equal
to 2?7, a three-layer Step network of O(1) parameters can represent any
indicator function for a d-dimensional cube under F,. We note that the
parameter 0, ; of this network is a function of the cube IT IF"'= o, i1 in
the indicator function.

Using Lemma 1, we show the existence of a Step network f(- iFy)
F¢ — F, such that for any D = {(z;,5)).....(2,,5,)} C F§ xF, with
z; #z; for all i # j, there exists 0, satisfying

n d
fop®F,) =)y ®1 [x € H[zij,zi,]] .
i=1 j=1

Such a result is formally stated in the following theorem; its proof is
presented in Section 5.3.

Theorem 2. For any p € N and d € [2P], there exists a Step network
fol- ;I.Fp) : IFZ — F, of 3 layers and 6dn + 2n parametfzrs satisfying the
following: for any D = {(z;,y,),....(z,.y,)} C ]FZ x T, with z; # z; for all
i # j, there exists 6p, such that

Jo, (@) =y;, Vi€[n].

Theorem 2 shows that even under floating-point operations, Step
networks can successfully memorize finite datasets represented by
floating-point numbers in F,. Furthermore, it states that O(n) parame-
ters are sufficient for Step networks to memorize arbitrary » pairs under
F,; this coincides with the real-valued parameters and exact operation
case (Baum, 1988; Huang & Babri, 1998; Vershynin, 2020; Yun et al.,
2019) that are known to be tight up to a logarithmic multiplicative
factor for networks of O(1) layers using piecewise linear activation
functions (Bartlett, Harvey, Liaw, & Mehrabian, 2019). Namely, the
required number of parameters for memorization under F, does not
decrease compared to existing results assuming real operations.

We next show that Step networks can universally approximate
([0, 114, R) under FF,. See Section 5.5 for the proof of Theorem 3.

Theorem 3. Forany p € N, d € [27], f* € C([0,1]4,R), and € > 0,
there exists a Step network fo(-;F,) : IFZ — F, of 3 layers and at most
(6d +2)K“ parameters where K = min{k € N : (cu;,l(e))‘l < k} such that

|fo:Fy) = A S If* G F,) = [f* )] +&, ¥x € [0,11 nFY.
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Theorem 3 states that given a target continuous function f*
[0,11 - R and € > 0, O(w;!(e)~¢) parameters are sufficient for
approximating f* in |f*(x;F,) = [f*(x)]| + & error; this result easily
generalizes to an arbitrary compact domain in R? instead of [0, 1]. The
number of parameters in the network in Theorem 3 is similar to existing
results under real-valued parameters and the exact operations for ReLU
networks of O(1) layers: (a);l(@(e)))’d parameters are necessary and
sufficient for approximation in ¢ error (Yarotsky, 2018).

The error bound in Theorem 3 contains an additional term
[f*(x;F,) = [f*(x)]| compared to the classical universal approximation
results. This term corresponds to an intrinsic error arising from the
floating-point representation; one cannot achieve a smaller error than
this. However, if the domain of the target function contains only finite
numbers in ]FZ , then we can approximate this function in the intrinsic
error without an additional error term ¢ as in the following corollary
of our memorization result (Theorem 2). We also note that the domain
[0, 114 nIFg considered in Theorem 3 is an infinite set, and hence, cannot
directly apply this corollary.

Corollary 4. For any p € N, d € [2”], a compact set K C R? such
that |K N ]F“;l < o0, f* € C(KC,R), and € > 0, there exists a Step network
FCF) ]Fz — F, of 3 layers and 6d|ICnIFZ| + 2|lCnIFg| parameters
such that

[fo(GTF,) = ff®)| = [ F,) - [ )], ¥x €10, 1 ﬂFff-
3.2. ReLU network results

We next analyze the expressive power of ReLU networks under F,.
Given the Step network results, a naive approach can be implementing
Step function using two ReLU activation functions. For example, for any
two consecutive numbers z~ < z in F,

1[x > z] =ReLU( (x—z—)) —ReLU( (x—z)), 3)

zZ—Z

zZ—Z
for all x € F, under exact operations. However, if we consider floating-
point operations in F,, RHS in Eq. (3) does not represent the in-
dicator function anymore. For example, consider the indicator func-
tion 1[x > 1], which can be exactly implemented under the exact
mathematical operations for all inputs x € I, by

FG;R) = ReLU((x X 27) — (1 — u) X 27) — ReLU((x x 2°) — 27),

where u = 277. Under operations in F,, however, f(x;F,) with the
following form cannot represent 1[x > 1] for some x € F,:

S F,) =ReLU((x X 27) © (1 —u) X 27)) © ReLU((x X 27) © 27).

Specifically, the output values of f(x;F,) can be exactly characterized
as follows: for x € F,

0 if x <1,
FF) = 1 if 1 <x<LlIx2!, @
T T+ =Dt if 11 x2! <x < 1.01 %22,
0 if x > 1.01 x 22,

where n, = (x — 1.1 x2') x2?"! € N for 1.1 x2! < x < 1.01 x 2%
Here, one can observe that f(x;FF,) becomes 0 for x > 1.01 x 22
for 1.1 x 2! < x < 1.01 x 22, it oscillates between 0 and 2. Hence,
unlike the exact operation case, deriving the ReLU network results from
Step network results is non-trivial under floating-point operations. We
present the formal derivation of Eq. (4) in Section 5.4.

Nevertheless, we observe that Eq. (3) under F, behaves like an
indicator function for x close to z. Using this property, we implement
an indicator function as follows: using a ReLU network, we first map
an input x to x’ in some local neighborhood of z such that x' > z if
and only if x > z; we then apply Eq. (3) to x’. This construction of an
indicator function via ReLU networks enables us to show memorization
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and universal approximation properties of ReLU networks as in the
following theorems. The proofs of Theorems 5 and 6 are presented in
Sections 5.6 and 5.7, respectively.

Theorem 5. For any p € N and d € [2”), there exists a ReLU network
fo(-3F)) ¢ IFZ — T, of 4 layers and 20dn + 2n parameters satisfying the
following: for any D = {(z,y,), ..., (Z,. y,)} C IFZ xF, with z; # z; for all
i # j, there exists 0y, such that

Jo, (@) =y;, Vi€ln].

Theorem 6. For any p € N, d € [2], f* € C([0,1]4,R), and € > 0,
there exists a Step network f(-:F,) : IFZ — F, of 4 layers and (20d +2)K“
parameters where K = min{k € N : (w;,{(e))‘l < k} such that

o F)) = X0 < | F* 5 F)) = [5G0 | + &

We note that the numbers of parameters in networks in Theorems 5
and 6 coincide with that of Step network results (Theorems 2 and 3)
up to constant multiplicative factors, i.e., they also correspond to the
necessary and sufficient number of parameters in classical results under
exact operations. Further, the following analogue of Corollary 4 also
holds for ReLU networks.

Corollary 7. For any p € N, d € [27], a compact set X c R such that
|1cmF;j| < oo, f* € C(KC,R), and € > 0, there exists a ReLU network
f(5F) IE‘Z — F, of 4 layers and 20d|lCr‘.IE‘Z| + 2|ICnIE‘Z| parameters
such that

|fo:Fy) = f*00l = [f* & F) = [l Vx €[0,119 nFY.
4. Expressive power of neural networks under F, ,

We now consider a more practical setup: when all computations are
doneinF, , (i.e., the set of floating-point numbers with p-bit significand
and g-bit exponent), where p,q € N satisfy ¢ > 5 and 4 < p <2972 4 2.
As noted in Section 2.2, this class of F, , covers many popular floating-
point formats such as those defined in the IEEE 754 standard (IEEE
Computer Society, 2019) and bfloat16 (Abadi et al., 2016). Specifically,
we demonstrate that Step networks and ReLU networks under F, , also
exhibit the memorization and universal approximation properties with
the same number of parameters as in the F, case. The proofs of all
results in this section are presented in Section 6.

4.1. Step network results

For Step networks, we can prove similar results as in the I, case;
we construct an indicator function for a high-dimensional cube and
derive the following memorization and universal approximation results.
Namely, Step networks are expressive under realistic floating-point op-
erations. The proofs of Theorems 8 and 9 are presented in Sections 6.3
and 6.4, respectively.

Theorem 8. For any d € [2”], there exists a Step network fy(-;F, ) :

d ifyi inge
e, = Fyq of 3 layers and 6dn+2n parameters satisfying the following: for
any D = {(2y,y1)s -+ @, ¥,)} CFy X F,, with z, # 2, for all i # j, there
exists 0p, such that

Jop, (@) =y;, Vie€l[n].

Theorem 9. For any d € [27], f* € C([0,1]¢,R), and & > 0, there exists
a Step network f(-;F, ) : Fz’q - F,, of 3 layers and at most (6d + 2)K4
parameters where K = min{k € N : 67! <k}, § = max{n,w;,{ (€)} such
that

o F, ) = @I < 1/ % F, ) = [£* 0]+ ¥xe[0. 119 nF! .

Here, n 2 27P+emin denotes the smallest positive floating-point number as we
defined in Section 2.2.
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Unlike Theorem 3 under F,, we allow € = 0 in Theorem 9. This is
because [0, 114 N Fz. g is always finite, and hence, we can achieve £ = 0
using the memorization result (Theorem 8) with a finite number of
parameters as in Corollary 4. We note that the number of parameters
in Theorems 8 and 9 coincide with results under F, up to a constant
multiplicative factor.

4.2. ReLU network results

While Step network results for F v (Theorems 8 and 9) can be shown
as in the IF, case, ReLU network results do not naturally follow from I,
toF,, due to the overflow (and underflow) in F,,- For example, recall
Eq. (3)

1[x > z] =ReLU( (x—z—)) —ReLU( (x—z)),

z—2z" zZ—z"
and consider operations under Foq If z is small enough (e.g., z = 2¢min)
and x is large enough (e.g., x = 2¢nax). Then, the computation of
#(x —z7) under F,  can incur an overflow. However, by carefully
analyzing floating-point operations, we can implement the indicator
function using a ReLU network of O(1) parameters (see Lemma 27);
using this we can also show that memorization and universal approxi-
mation are possible under F, . We present the proofs of Theorems 10
and 11 in Sections 6.5 and 6.6, respectively.

Theorem 10. For any d € [2”] and for k = (2 — u) X 272 P*enax,
there exists a ReLU network fo(-;F,,) : (F,, N [—k, kD! - F,, of 4
layers and 20dn + 5n parameters satisfying the following: for any D =
{1, 31), s @ 3,)} C Fpy 0=, k) X F,, with 2, # z; for all i # j,
there exists 65, such that

Jo, (@) =y;, Vi€[n].

Furthermore, computing fy(x;F, ) does not incur overflow for all x € Fz’q
satisfying |IX[l, < (2 —u) x 273277,

Theorem 11. Forany d € [27], f* € C([0,1]¢,R), and £ > 0, there exists
a ReLU network f( - Fop)t ]F;" 0 Foq of 4 layers and at most (20d+2)K¢
parameters where K = min{k € N : 67! <k}, 6 = max{n,w;l(s)} such
that

If@:F, ) = F* @) < F & F, )~ [f*@]] +e Vxe[0.19nF .

Here, n 2 277+emin denotes the smallest positive floating-point number as we
defined in Section 2.2.

In Theorem 10, the supremum norm of an input to memorize
is bounded by ¥ = (2 — u) X 2727P*emax; we use this condition to
bypass the overflow during intermediate computations in our network
construction.

Remark 12. To check whether the condition in Theorem 10 can be
satisfied in practice, we evaluate the B, £ (2 — u) x 2-3+277% and
Kk 2 (2 — u) x 2727 P*emax for popular floating-point formats including
IEEE 754 formats and bfloatl6. For the 16-bit half-precision format,
we have B, = 63.969 and x = 15.992. For the 32-bit single-precision
format, we have B, = 4.6117 x 10'® and x = 1.01141 x 103!. For
the 64-bit double-precision format, we have B, = 3.3520 x 10'3 and
K =9.9980x 10?1, For the 128-bit quadruple-precision format, we have
B, = 1.3634 x 10265 and x = 2.8642 x 10*%7. For the bfloat16 format,
we have B, = 4.5938 x 10'® and « = 6.6202 x 10%. This implies that the
condition in Theorem 10 can be often satisfied in many floating-point
number formats and inputs except for half-precision. In the 16-bit half-
precision format, we need to carefully bound the input data to have
the universal approximation property using Theorem 10. On the other
hand, bfloat16 format has larger B, and «, i.e., bfloatl6 can be better
than the half-precision format in terms of the universal approximation.
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In Theorem 11, we also allow ¢ = 0 as in Theorem 9. As in
our previous results, Theorems 10 and 11 use O(n) parameters and
O((a)}i (€))"!) parameters, respectively.

5. Proofs of results under F,
5.1. Technical lemmas

We present several technical lemmas regarding the computation of
operations in F,. Lemma 13 is the well-known Sterbenz’s lemma (Ster-
benz, 1973, Theorem 4.3.1) (also in Muller, Brunie, de Dinechin, Jean-
nerod, Joldes, Lefevre, Melquiond, Revol, and Torres (2018, Lemma
4.1)). In particular, Lemmas 14-17 have I, versions analogous in
Section 6.

For x € F,, we represent x as

pq

x =5, Xa,x2%, s, € {=1,1},a, = Lx| = x,.

For x € F,, we define u(x) as

ux)2inf{meZ: xx2"meZ).

Note that if x # 0, we can represent x as

x = (ny, x 270 MDY 5 D (5)

for n, = x x 274 € N with 2610 < < 2lHex—n(),
For x € R, we define the ceiling function [x],, as

[x]z =min{n €Z : n > x}.

We now formally introduce the statements of technical lemmas used
for proving our results under F,.

Lemma 13 (Sterbenz’s Lemma). Let x,y € F,. If0<y/2 <x <y, then
x© yand y © x are exact.

Lemma 14. Let x = nx2" for some n € N, m € Z. If 0 < n < 2'*?, then
x is representable by I¥,.

Proof. Since 0 < n < 2!*7, there exists ¢, € {0} U [p] such that

27=% < n < 2'*P=%, Note that x has the following representation in
F,
x = (n X 27PT0) x 2P0 | < px27PY0 < 2,
Then we express n x 277 as

—p+cg —
AX27PT0 =Ly - wy s

———
p—co times

for some wy, ..., Wy_e, € {0,1}. Therefore x is representable by F,. O

Lemma 15. Letx,y € F, and s, = s, and e, < e,. If u(x) 2 ¢, — p,

then x © y and y © x are exact. In addition, if |x + y| < 2'*%, then x @ y
is exact.

Proof. Let k £ u(x)—e,+p 2 0. As described in Eq. (5), we can represent
x and y as

x = (n, X 2*fx+M(X)) X 2% = n, X QM) pex—n(x) < n, < pltex—ux)

y=(n, X 277 X 2% = n, x 2Py, 2P~ < p, < 214,

for some n,, n, € N. Since k > 0, we have

x = (2kny) x 27PFer, ap(emectey) < ok < plHp=(ee),

Therefore for n' = n, — 2*n, € N, we have

Y—x = X2y 2P _ (e oy < olp _gp(ey—e)

which leads to

—2P < < 2Pt .
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Since |#'| = 0 or || < 2!*P — 1, by Lemma 14, y — x = n’ x 277*% is
representable by IF,. This ensures that y © x is exact.
Now suppose |x + y| <2!*¢. Then for n”’ = n, + n, € N, we have

x4 y=n" x27Prey 2p=(eymed L op <y < plHp=(eymen) 4 pltp,

Since |x + y| < 2'*%, we have n” < 2!+, If || = 0 or |n"’| < 2'*7, by
Lemma 14, x + y = n” x 27P*% is representable by F,. If || = 214p,
x +y = 2" is obviously representable by F,. Therefore, x @ y is
exact. []

Lemma 16. InF, ifx,y € [21*7), x© y and y © x are exact. In addition
if x,y € [2”], then x @ y is exact.

Proof. Without loss of generality, suppose x < y for x, y € [2!*7]. Since
y—x < 2", y — x is representable by F, by Lemma 14, ensuring that
x© yand y© x are exact.

In addition, suppose x,y € [2”] and x < y. Since u(x) > 0 and
e, < p, we have u(x) > —p +e,. Since |x+y| < 2!*7, x @ y is exact
by Lemma 15. []

Lemma 17. Let x,y € F, and e, < e, If u(x) < e, — p — 2, then
y®x=y®x=y.

Proof. Since |x| <27277*%, we have [x+y| = [-x+y|=y. O

Lemma 18. Foranyd,p€N, let oy, fy,...,4,; € F, such that a; < ;
for alli € [d]. Then, for any sequence (X;);cy in ([, ﬂl]x---x[ad,ﬂd])an,
there exists a subsequence of (x;);cy that converges to some z* € ([ay, f;]1%
X [ag, fg)) N Y.

Proof. Let S = [ay, ;1% - X[a,, B,]. Since S is compact, there exists a
convergent subsequence (z,),cy Of (X;);cy and (z;),cy converges to some
point, say z* = (z’f, ...+ 2y), in S. However, if z;? ¢F, for some j € [d],
then inf,cp |2] -yl > 0 by the definition of F, i.e., 2;.2,.- € Fd
cannot converge to x*. Hence, z* € S n IE‘Z and this completes the
proof. []

Lemma 19. Foranyd,p€eN, let ay,py,...,a,, 0, € F, such that o; < f;
foralli € [d]. Then, for any continuous function f : [ay, f;1X---X[ay, Bs] =
R, there exists x* € ([ay, fi1X -+ X [ay, fz]) n]F"f such that

[f&) =[] = inf y [fx) = [fx)]].

xE([ay,f; JX~~~X[ad,ﬂd])ﬁ]Fp

Proof. Let S = ([a, f1]1% - X[ay, By]) nIE‘g. Suppose for a contradiction
that such x* does not exist, i.e., there is no x € S such that f(x) € F,.
Then, there exists a sequence (x;),cy in S such that (| f(x;) — [ fX;)] D;en
is strictly decreasing and

£ = [£ ]| = inf 1700 = [£0], ©

as i — oo. By Lemma 18, there exists a subsequence (z;);cy of (X);en
that converges to some point z* € S. Since f(z*) & F,, by the definition
of F,, we have

J@)S < f@*) < f@H)E.

Let & = min{ f(z*) — f(z") S, f*)&F») — f(z*)}. We consider two
cases to show the contradiction: ¢ = (f(z*)&") — f(z*)SF)/2 and
e # (f@) P - f(2)S5))/2. Suppose & = (f(z*)&5 ) - f(@)=FP)/2,
ie., f(z*) = (f)*"P + f(@*)<F)/2. Let (y,);en e a subsequence of
(z;);ey such that |f(z*) — f(y;)| < e for all i € N and (| f(z*) — f(¥)Dien
is strictly decreasing; such a subsequence always exist due to the
continuity of f and our choice of (z;);cy. Then, one can observe
that (|f(y;,) — [f(y;)]Dien is monotonically increasing as [f(y;)] €
(/@) =, f@)) and f(y) = @) = (f@)S + f@)>)/2.
Namely, (| f(y;) — [f(¥))]];en is not strictly decreasing although (y;);cy
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is a subsequence of (x;);cn. This contradicts the assumption that
(fx;) = [fx)] ey is strictly decreasing.

We now consider the case that ¢ # (f(z*)®™) — f@*) =) 2.
Without loss of generality, suppose f(z*) — f(z*)SF < f@*)&F») —
f(@*). Let

f(z*)(Z‘FF) _ f(z*)(S,F,,) f(z*)(ZJF,,) +f(z*)(Sv]Fp)
= 2 Tes 2
and choose a subsequence (y));cy of (z;);ey Such that |f(z*) — f(y)| <
6 for all i € N and (|f(z*) - f (yf)l)ieN is strictly decreasing. Then,
since f(z*) and f(y!) are closer to f(z*)F# than f(z*)*T», we have
[f&)] = [f(y)] = f(@*)<FP. Namely, we must have f(y) > f(z*) for
all i € N to have strictly decreasing (| f (ylf ) — [f(yD]ien. However, this
implies that

FOD = TG = 1£ @) - [f@5)]l,
for all i € N, which implies
£@) = [£@)]I = inf 170 = [£ 0],

from our choice of (x;);cy and Eq. (6). This contradicts the assumption
that x* in the statement of the lemma does not exist and completes the
proof. []

5 - f(z")>0,

Lemma 20. There exist ReLU networks yy(-;F,) : F, — F, of 3 layers
and 5 parameters that satisfies the following: for any z € F, \ {0}, there
exist 011 ;,015.2,051.: 022 - € F such that for any x € F,,

wo,, () @wy , (Fp) =1[x2z],
vo,, (5 Fp) @y, (xFp) =1T[x <z].
In addition, vy, (x:F,).~yy,, (:F,) € {0} U[2] for all i € {1,2).

Proof. We first consider z > 0. To construct 1[x > z], we define a
three-layer ReLU network f;(x;F,) as follows:

fH&F) =y (F) @y, (x:F,).
vy, (5 Fp) =g 5Ty, W, (6F,) =, (X Fp),

¢, ,.(x:F,) = 2° @ ReLU((—2""% @ g(x)) @ (2 — a, — i) X 27),
®p,,, (:Fy) = —2° @ ReLU((=2""% ® g(x)) ® (2 — a, — u) X 2°),
where

g(x) = ReLU(—x @ (2 — u) x 2%),

. 0 ifa, #1,
u=
2-1-p ifa, =1,
0 ifa, #1,
1 ifa,=1.
Note that z~ = (a, —u + @) X 2%.

If 2 —u) x 271+ < x < (2 —2u) x 2%, then —x @ (2 — u) X 2¢ is exact
by Lemma 13. Therefore, we have

™
Il

> (2 —u)x 27 1+e: if x < (2 = 2u) x 27 1+ez,
g()3=—x+Q-u)x2% if(2—-u)x27*= < x < (2 -2u)x2¢%,

=0 if x > (2 —u) x 2%.
If x < (2 —2u) x 27!+ since we have
QR-a,-)<(1-2""P)=Q2-ux27},
and
(=277 @ g(x)) < (=277% X (2 —u) X 271¥¢x)

=—Q-wx2"P < -2-a,-@)x2?,

it holds that ¢91,1,Z(X;Fp) = ¢91,2,Z(X;Fp) =0.

If 2 —u)x27 " < x < (2 - 2u) x 2%, we have 2/"% ® g(x) =
n;, where n;, = 1,2,...,27 — 1, leading 277%z ® g(x) € [2”]. Since
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(2—a,—i)x2",(2—a, —u) X 2° € [2°], by Lemma 16, all operations in
¢o,,.(:F,) and ¢ , (x;F,) are exact. Hence
bo, , ,(x:F)) = 2¢ x ReLU(2P ™%z x — (a, — u + i) X 2P),
4’9[;2'2()‘2 F,)= —28 x ReLU(2P %zx — a, x 2P),
with ¢y, | (F)), =, , (x:F,) € {0} U [27]. Therefore
0 ifQ-wuwx27te<x<z,
SHitsEy = {1 ifi < x)s (=20 x 2,
If x > (2 —u) x 2%z, we have
do,, (i Fp) =2°(Q2—a, — @) x27),
¢91,2.Z(X;Fp) = _25((2 —a; —u)Xx zp),
[iaFy) =¢y | (:F) @y, (:F,)= Wu—i)=1,
with ¢y | (x;F)),=¢,,, (x:F,) € {0} U[2”]. Therefore we conclude
f1(F,) = 1[x > 2],

forall xeF,.

We also construct 1[x < z] in a similar way. To this end, we define
Sfr(x;Fp) as
fFy) =wy,, (F) @wy,, (x:F)),
v, (6 F) =g, (T Wy, (5F,) =dy,, (xF)),
do,, . (:F)) = 1 @ ReLU((=2"7* @ ReLU(x © 2°)) @ ((a, — 1 +u) X 29)),
bo,,.(x;F,) = =1 ® ReLU((=2"7*2 @ ReLU(x © 2°)) @ (a, — 1) x 27).

If 2¢: < x < 2!+, x © 2% is exact by Lemma 13. Therefore we have

=0 if x < 26z,
ReLU(x ©2%)=x — 2% if 2%z < x <2!+ez,
> 20 if x > 21+ez,

If x < 2%, we have

¢g,,.(;F,) = ReLU((a; — 1 +u) X 27),
¢o,,.(x:F,) = —ReLU((a; — 1) X 29),

[ Fy) =g, (5T + g, (6Fy) =1,

with ¢92,1,Z(X;F ), _¢92,2,Z(X;Fﬁ) € {0} u[27].

If 2= < x < 2'*%:, we have ReLU(x — 2%:) = n, x 277*%: where
ny, = 0,1,...,27. Since 2/~%z ® ReLU(x © 2%) € [2”] and (a, — 1 + u) X
2P (a, — 1) x 27 € [2”], by Lemma 16, all operations in ¢924]J (x;Fp) and
qﬁgul (x;F)) are exact. Hence

bo,,.(x:F,) = ReLU(-2""%x + (a, + u) X 2°),
bo,,.(x;F,) = —ReLU(=2""*zx + a, X 2°),
with ¢92,1,Z(X;FP)’ —¢92'2'Z(x;IFp) € {0} U [27]. Therefore,

£ (:F) 1 if2%: <x<z
X; =
2 P 0 ifzt <x<2lte:,

If x > 21*¢:, we have

1>a,-1+u,

— 2P7% @ ReLU(x ©2%) < =27 < —(a, — 1 + u) X 27,

which leads to ¢92'L2(x;]Fp) = d)gz'z‘z(x;]Fp) = 0. Therefore we conclude
fr(:F,) =1[x < z].

Now, we consider z < 0, we define

1 F) =y (6F,) @y, (x;F)),

foFp) =y (6F,) @y, (x;Fp),

W],l,z(XLF )= ¢2,1$_z(—X;F ) Wl,z,z(xﬂF )= ¢2,2,_z(—x§]F ),
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W2,I,z(x§Fp) = ¢1,1,_z(—x§Fp), l/’2,2,z(X;]Fp) = ¢I,2,—z(_X;]Fp)-
Then we have

H&F) =g, (—XF) @y, (—x:Fp)=1[-x<-z]=1[x2z],
LHsF) =g, (X F) @@y,  (—xF)=1[-x2—z]=1[x < z].

Finally, we have yzgilz(x;]F ), wgih(x;[F ye {0}u[2°] foralli e {1,2},
and o

f1GaFy) =1[x > zl, fo(xFy) =1[x < z],

for all z e F,\ {0}.

Lastly, it is easy to observe that Vo, for all i,j € {1,2} and
z € F, \ {0} share the same network architecture of 3 layers and 5
parameters. This completes the proof. []

5.2. Proof of Lemma 1

Let x = (xy,...,x;). For each i € [d], we define &j-1(x;3Fy) =
1[-x; @ p, 2 0] and g,;(x;;F,) = 1[x; & a; 20|, and define Jo., 8
follows: ‘

2d
fﬁa‘ﬁ(X;Fp) =1 |:<® gi(x[,-/z]Z;IFp)> o©2d > 0:| .

i=1

From the definition of g;, one can observe that

2 if x; € [a B,

1 if x; & [, 8]

Since P, &ixpi, Fp) < m < 242 — 1 for 1 < m < (2d - 1),
and |g;(x[;/2,:F,)| = 0.1, by Lemma 16, @}, g(x[;/),:F,) is exact.
Therefore, we have e]a?jl §i(Xpiy,:Fp) = 2d if x € Hf.i:l[ai,ﬁi] and
EBIZil 8(X[i/21,:Fp) < 2d otherwise, i.e.,

d
So, % Fp) =1 [x € H[a.,ﬁj]] :

Jj=1

gzj—l(xj;Fp) +g2j(xj;]Fp) = {

Here, f, . can be constructed via a three-layer Step network of 6d + 2
parameters (4d parameters for the first layer, 2d + 1 parameters for the
second layer, and 1 parameter for the last layer.) This completes the
proof.

5.3. Proof of Theorem 2

We use Lemma 1 to prove Theorem 2. Consider

d
fgzl.z, xF,)=1 [x e H[zi‘j,zi.j]] =1l[x=z],
j=1

J

and

n
fop®:F) =D (5 ® fo,, x.F)).

i=1
where fo, (x,F,) is from Section 5.2 in Lemma 1. Then, Sop @i F)=y
for all i € [n] and f can be implemented by a three-layer Step network
of 6dn + 2n parameters (4dn parameters for the first layer, 2dn + n
parameters for the second layer, and n parameters for the last layer).

5.4. Proof of Eq. (4)

If x < 1, since x < (1 —u), we have x x 2 < (1 —u) x 27 < 27,
Therefore, f(x;F,) = 0. If 1 < x < 1.1 x2!', we have (x x 2?) € [2!*7],
(1—u)x2?,2? € [2P]. By Lemma 16, (xx2?)8((1 —u)x2?) and (xx2?)&2?

are exact. Therefore,

FF) = ((xx2) = (1 —w)x2P)) — ((xx2°)=27) = 1.
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If 1.1x2! < x < 1.01 x22, let n, = (x — 1.1 x2!) x 2#~! € N. Then we
have 0 <n, <2? and

(xx2)6 (1 —u)yx2°) = 2°*1 420+ 1],
(xx2P)©2° = 27! 42 |.

For 0 < n < 2/*!, since

20t g if n=0,2 (mod 4),
(27t 4| =927+ 1 n—1 ifn=1 (mod 4),
20t 41 if n =3 (mod 4),

we have

0 ifn, =0 (mod 2),
S Fy) = .
2 ifn,=1 (mod 2).

If x > 1.01 x 22, let x’ = x — 1. Then we have x’ > 22 and

xXx2MHO (1 —uyx2P)=[(x—=1+u)x2°| =[x +u| x2?,
(xx2)02° = [(x - )x 27| = x' x 2"

Since [x’ +u| = x’ by Lemma 17, we have f(x;F,) = 0.
5.5. Proof of Theorem 3

If w;l(e) = o0, let § = 1, and we have K = 1. If w;i(s) # o0, let
6= (w;,{ (€))"!. For each i € [K], we define

i
a; = )

F,)
[a,_, "

7Y @F,) (<F,) e
lag " ag "1INF, ifi = K.

ifie{01,...,K-1},
ifi =K,

«PInF, ifielK -1,

Without loss of generality, we assume that 7, # @ for all i € [K];
otherwise, we remove empty 7 s decrease K, and re-index I, so that 7,
if non-empty for all i € [K]. We note that since 0, 1 € I, there is at least
one non-empty I; and K > 1. Then, by the above definitions, it holds
. . (<) "(2Fy) e
that sup Z; — inf Z; < 6. Since «, <a; ", 1, and I, are disjoint if
iy # iy, and ;g g, I = (0,11 NF,. For each 1 = (1y,...,1,) € [K], we
also define

y,= argmin |f*®) - [f*®]l,

xel,lx-uxl,d

which is well-defined by Lemma 19.
We are now ready to introduce our Step network construction fj:

2d
foxF)= @ Il e1 [(EBh,,jumzm) ed> 0] ,
Jj=1

1€[K ]9

where for each j € [d] and 1 = (14, ..., 1) € [K]?,

JF .
11[x—a;flp) zo] if1; € (2,....K},
h;,z,'fl(x)=
]1[x+a(()2’]F")20] iflj=1,
_1[x—a;2’F")zo] if1, € (1,....K -1},
hl,Zj(X):
~1[x—ay " <0] ify =K.

Since h,;j(x) € {=1,0,1}, b 5; 1 (X) + hyp;(x) = {=1,0,1}, we have

m
D husxpi)

J=1

<d<2k

for any 1 < m < 2d. Therefore, by Lemma 16, all operations in
the computation of ész.il h, j(x1;/2),) are exact. Furthermore, for each
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X E ]Fz n[0,1]1¢, we have
éh( ) =d ifxel x-xT1,
X
= R <aifx e (10,109 nFD\ (I, x - X ).

Since |J,cixe I, X X I,, = IFZ n[0,1]¢, we have
fo&F)=[f"(r)), VX €L, X XT1,,.

Hence, for each 1 € [K]¢ and x € I, x-x1,,

[fo&Fp) = @I =[] = Il + 1) - £ ®|
SIFF®] =@l +e,

where we use [|x — y,|l, < @g«(e) for the above inequality. Since
each h,; can be implemented by a Step network of 3 parameters,
1 [(EBJZZI ht,j(x[//ﬂz)) ©d > 0| can be implemented using 64+1 param-
eters. This implies that our f, can be implemented by a Step network
of 3 layers and (6d + 2)K? parameters. This completes the proof.

5.6. Proof of Theorem 5

Define § = %min{|z
we also define 4; ;. ...

;i1 ¢ zi; #0,i €[nl,j € [d]}. For each i € [n],
. h; 44 as follows: for each j € [d],

higjs = W"lv'»',,,.n s igjo = V’91.2,1,J.1 s Pigja = Yo, » hig; =

—Y s
12 9|‘z.r,.,1

where Ll = Zij and ti,j,z = Z?,—j if Zjj # 0, ti,j,l =
z;; =0, and Wo,,. Vo, ,, are defined in Lemma 20.
By Lemma 20, we have

—-sandt;;, = & if

hi,4j—3(x)7 —hi,4j_2(x), —hi,4j_1(x)= h,‘,4j(x) e {0} u[2”],

4 .
I{x=z; if z; ; #0,
@hi,4j—4+k(x) = {M[x el 15] s if K -0
k=1 -0, zij =Y

forall xeF,.
Let 0 < m < d < 2P. For each m, we have A, 4, 1(x) + h; 4,1 (%) =

lyme1 € {0,1} and

4m
=2 < —m <@y (x) Sm <2, Ry gy (x) € (0} U27],

j=1
4m+1

—2P < ot By gy () S @D By () S By () < 27,
j=1
- hiy4m+2(x) e {0} u[2*],
4m+2

=20 < et Lyt < @D () Smt gy <27,

j=1

By Lemma 16, all above operations in @;‘;";’2 h; j(x) are exact.

We have £, 4,300 + R gna(x) = lypyz € {0, =1} gpyy + lypys €
{0,-1}, and

4m+2
=20 < —mlyy S @D 0 <27,

j=1
— By a3 () € {0} U[27],
4m+3

—2MP <t L+ B3 (0 S @D By () S 2 4 By s (),
j=1
R 4mia(x) € {0} U [27],
4m+4

=27 < mmt Ly + Ly S @D (0 < 2P+ Ly s <20,

j=1

By Lemma 16, all above operations in EB;“:"TZ h; ;(x) are exact.

Therefore we conclude that all operations in @;‘il h; ;(x) are exact
with | @, h, ;)] € (0} U [2].
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We design the target network f, as follows:

n

4d
fox;F)) = @yi ® ReLU <(@ hi»l'(xfj/ﬂz)) o - 1)) )
j=1

i=1

Since for each k € [n]

4d —d
D rsGepmy) {
= “l<d

f, memorizes the target dataset. Since there are 5 parameters for each
h; j» fo has 20dn + 2n parameters. This completes the proof.

ifz, =z,

ifz, £z,

5.7. Proof of Theorem 6

The proof of Theorem 6 is almost identical to that of Theorem 3;
we define 7;, a;, and ¥, as in Section 5.5. For each 1 € [K]?, j € [d], we
also define h, , ..., h, 4, as follows:

hygjs = Wﬂ,,l‘,,_lil > hgjo = W91»2~f..,,1 s hgj = _W"lvl-rw,z’ hyyy = ~VYo,,,

s
1j.2

where

o o7 iy € (2K,
M —a(()z’]F”) ifi; =1,

o o7 iy e (1, K~ 1),
e a(I?’]F”) ifi;, = K,

and wy, | vy, ,_are defined in Lemma 20. Namely, we have
JF .

ﬂ[xzajfl”)] if 1, €{2,....K},

hyaj300) @ hygjo(x) = GF) .
]l[xz—aof"] ifi; =1,

-u[xza;Z'F”)] if 1, € (1,....K—1},
h,4'_1(x)®h,4'(x):
1.4j 1.4j —]1[x > _a?JFp)] if = K.

for all x € F, by Lemmas 16 and 20. We design the target network f,
as follows:

4d
fox:F) = @ /()] @ ReLU (<EB h,,,<x[,-m2)> owW-12 o> :
j=1

1€[K)4

By similar argument presented in the proof of Theorem 5, all operations
in EBjil h, j(x1;/4),) are exact by Lemma 16, i.e., for each k € [n]

éh ( = ifxeZ, xxI,.
J\XT1j/4 .
TR <d -1 A (0,11 nFD\ (I, X X T, ),

This implies that for each 1 € [K]? and x € I, xx1,

[fo&Fp) = @I = 1[0 = fwl +1f ) - £ ®|
<] - ™l + &,

where we use [x-7, ||, < @« (¢) for the above inequality. Since each &, ;
can be implemented by a ReLU network of 3 layers and 5 parameters by
Lemma 20, 1 @jil h,,j(x“/ﬂz)) ©(d-1)>0| can be implemented
using 20d+1 parameters. This implies that our f can be implemented by
a ReLU network of 4 layers and (20d +2)K? parameters. This completes
the proof.
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6. Proofs of results under I, ,
6.1. Addition notations for F, ,

In this section, we introduce notations frequently used for proving
our results under I, .. For x € F, ;, if x is normal, we represent x as
x =5, Xa, x2%, s, € {~1,1},a, = Lx| = x,.
If x is subnormal, it is standard to represent x as

X =5, Xa,x2%n, s € {=1,1},a, =0.x; -+ x),

Xp == ch_l = O’xcx =1.

for some 1 < ¢, < p. However, instead of using the above representa-
tion, we opt for a different one for the sake of convenience.

x =85, Xa, X 2%, 5. € {1, 1}, a, = Lx; X, o ,ex = €y — -

It is convenient because, regardless of whether x is normal or subnor-
mal, we have the following representation for x:

(7)

x=5,X0a,X2%, 5 € {-1,1},a, =Ly 1, 2 <x <2,

Note that if x is normal, we have s, = s,,a, = a,,¢, = e,. We define
u(x) as

u(x)2inf{meZ : xx2™" € N}.

Note that if x # 0, we can represent x as
x = (ny X 27 FHOD) i 28 (8)
for n, = x x 27 e N with 2%#® < p_ < 21+e#() We define e, as
e = 12 1.

Definition 21. For a number x € R, we say x is “representable” by
F,,if x€F,,.

Remark 22. For nonzero x € R, suppose x has a following represen-
tation
x=s.xa,x2%, 5 €{-1,1},1<a, <2, ¢, €72 <x <2+,

Define ¢, £ max{0, e,

— ¢, }. Then x is representable by F,  if
=P+ epin S e < paxs O X2Px €N,

which leads to

P+ Cpin S € S €y 0S¢ — p(x) Sp -y 9

We say representability test on x is to check whether x satisfies Eq. (9).
6.2. Technical lemmas

We introduce technical lemmas used for proving our results under
F,q
Lemma 23. Let x =
max{O, Cmin ~ m}' If

nx 2™ for some n € N, m € Z. Let ¢, =

O<n<2MP e —pre. <m<—p+ e,

then x is representable by T, .

Proof. Since 0 < n < 2!*P=¢ there exists ¢, € {0} U[p — c,] such that
2P~ < p < 21*P=%%_ Note that x has the following representation
in Fpe
x = (l’l X 27p+cx+co) X zpfcxfco+m,

1<nX27Pat0 <2 —pte,, Sp—cy—Cco+m=S ey
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Then we express n x 277+ as

—ptextey —
AX2TPTETO = Loy - wy o s

—_———

p—cy—cg times

for some Wiy, Wye —oy € {0,1}. Therefore x is representable by
Fp’q. O
Lemma 24. Letx,yeF,, and s, = s and ¢, < ey If u(x) > ¢y =D,

then x © y and y © x are exact. In addition, if |x + y| < 2'*%, then x @ y
is exact.

Proof. Letc, = max{0,e,,;,—¢,}. Note that if ¢, > e,,, (i.e. y is normal),
we have ¢, = 0.If ¢, <ee,,, (i.e. y is subnormal), we have ¢, = ¢,;, —¢, >
0 and pu(x) 2 —p+e,y, = —p+e,+c,. Letkéy(x)—ey+p—cy > 0. As
described in Eq. (8), we can represent x and y as

x=(n, X 2_ex+l4()f)) X 2% = n, X 2/4()6)’ Dex—H(X) <n, < 21+€x—/x(XJ’

y=(n, X 27PFY) X 2% = n, X 27PFOFey 2P~ < < 21T,

for some n,, n, € N. Since k > 0, we have

x = (2k”x) x 2—p+cy+cy’ Zp—(ey—ex+cy) < 2knx < 2l+p—(ey—ex+cy)'

Therefore for n' = n, — 2*n, € N, we have

y—x= n' x27Preytey opey —plap=(ey—extey) L o plHpcy _zp—(ey—c;rcy)’
which leads to

2Pty <! <2PIme

Since |n'| =0 or |n'| <2'*77% —1 and —p+e,;, < —p+e,+¢, < ey, by
Lemma 23, y — x = n’ x 277*%*% is representable by F, . This ensures
that y © x is exact.

Now suppose |x + y| < 2!*%. Then for n”’ = n, + n, € N, we have

x+y= n/lxz—p+e,,+cy, 2p—(cy—cx+cy)+2p—cy < n// < 21+p—(zy—ex+cy)+21+p—cy‘

Since |x + y| < 2!, we have n" < 2"*P=% If |n”| = 0 or |n”| < 2+P~%,
since —p+e,,, < —p+e,+c, < e,,,, by Lemma 23, x+y = n" x27PF+
is representable by F, . If [n"| = 21774 x +y = 2'*% is obviously
representable F,. Therefore, x @ y is exact. []

Lemma 25. InF,,, if x,y € [21*?], x©y and y© x are exact. In addition
if x,y € [2P], then x @ y is exact.

Proof. Without loss of generality, suppose x < y for x, y € [2!*7]. Since
y—x <217,y — x is representable by F,, by Lemma 23, ensuring that
x© y and y © x are exact.

In addition, suppose x,y € [2P] and x < y. Since u(x) > 0 and
¢, < p, we have u(x) > —-p + e,. Since |x +y| < 2147 x @ y is exact
by Lemma 24. [

Lemma 26. Let x,y € F,
y&x=yox=y

and ¢, <

4 ¢y If e, < =2 —p+e, then

Proof. Since |x| <27277*% we have [x+y| = [-x+y|=y. [

Lemma 27. There exists ReLU networks yy(;F,,) @ F,, — F,, of
3 layers and 5 parameters that satisfies the following: for any z € F,,
satisfying 0 < |z| < (2—u)x2727P+emax, there exist 0, ) ;015,02 .65, €
F, such that

W, (6 F, ) ® vy, (xF, ) =1[x>z],
Vo, (3 Fpg) @ wy,, (6T, ) =1[x < z],

for |x| < (2 —u) x 272+, [n addition, we have vy, (x:F, ) € {0} U[27],
—yp, (GF, )€ (0}ul?] forallie (1,2).
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Proof. In this proof, to ensure that indicator functions are realizable by
ReLU networks in F,, we should check (1) whether every parameter
in the network is representable by ]FM and (2) whether every number
occurring during the intermediate calculations is also representable by
F,,- Hence, we conduct the representability tests (Remark 22) for each
condition.

We first consider z > 0. We define

{w (=u)

uy =

2-pte;
—p+ey
3—p—ey—c,

. 0

U, =

0 ug x 27!
0
1

where ¢, = max{e

ifez Z Cmin>

if e, <epins
if0<e,<-2-p+e
ife, <0,

max>

ifa,#1, ore, =—p+e,,

ifa, =1,

5 ifa,#1, ore, =—p+e,,
C =
ifa, =1,

—e¢,,0} >0, and recall that

min

=-21"142¢

e > ¥max

=207 — 1,6y =207 - 1,4 <p< 29 42,

min
To construct 1[x > z], we define a three-layer ReLU network f(x;F
as follows:

pa )

NGF, ) =wp  (5F, )@ w , (6T, (10)

where

Yo, 0x; ]Fl’v‘i) = ¢'31.1; (X;]FNI)’ Yo, (X;]FNI) = ¢91.z,z (x; ]vaq)’

o, (i F, ) = 27 @ReLU((=2"H @ () @ 2 — a, — i) x 27*),
¢01,z,z(X;Fp.q) = ik ® RCLU((—ZF_°Z+1‘ ® gl(x)) ®Q- a, - “0) x 2p+k)_
Here, g,(x) is defined as

21(x) :=ReLU(=x @ ((2 — ug) X 2°2)).

Let

() 1= (2= @ gy (%) @ (2 — a, — dp) X 27K,

Cia(x) 1= (=27 @ ) (x) B (2 — a, — ug) X 27*K,

o, , (6T, 0) = 257K @ ReLU(() 1 (X)),

oy, (i Fpg) = -2k ReLU({; 5(x)).

Note that (1) the following are parameters in bo, . (3 Fp ) and
¢91,2.z (5 Fp )

28wk gp=eztk () )X 2%, (2 —a, —iip) X 27K, (2 —a, —ug) x 2Pk, (11)

The following are (2) the numbers occurring during the intermediate

calculations in ¢9L,J(X§Fp,q) and ¢91,z,z(X;Fp,q):
8100, =27 @ g1 (x), €11 (0. 6120, g, | (i Fp ). g, (iF,p).  (12)
Now, we consider the following cases.

Case 1-1: ¢, = —p + ¢,,,,. In this case, we have
z=2"Ptmin ¢ =p k=3-2p—e 13)
2ifcsz — 273+p+eo7 2p7c1+k — 23feofemi,,’ (2 _ MO) X 2%z = 27p+em,»n, (14)
(2 —a, —iip) X 2Pk = 23P=e0 (2 —q, —uy) x 2°*k = 0, (15)

¢91,1.z (x; Fp,q) — p—3+pte ® ReLU((—23*eO*"min ® 2,0 23711790)’
¢91,2,z(x;]Fp,q) = _p—3+pte ® RCLU(—23_EU_emM ® gl(x)),

where g;(x) = ReLU(—x @ 27P*¢min),
If (2 —u)x272*% < x <0, we have

2*P+€min s RBLU(—X @ 27p+em,‘n)
< ReLU((2 — u) X 2=2+eg @D 27p+€min) =Q2-u)X 2—2+e0’
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where the last equation is due to Lemma 26. Therefore,

27P¥emin < gy(x) < (2 - u) X 2720, (1e)
which leads to
— 2370 min @ g (x) < —23T0T¢min @ 27PHemin = —p37P¢, a7
and
— 2370 ¢min @ g (x) > —(2 — u) X 21 min = —(2 — 1) x 2°max, (18)
Hence, the following inequalities hold:
— (2 —u)x2%mex < &) (x) <0, 19
— (2= u)x2max < £H(x) <0. (20)
Therefore,
Go,,, (5 Fpg) =g, (3T ) =0, @1
which leads to f;(x;F, ) = 0.

If 27Ptemin < x < Q, we have
ReLUQR™7*émin © x) = 0, SRIES 237, $12(x) =0, (22)

leading to q’)gu_z (F, ) =1, qﬁglvz_z (F,) =0, fi(x;F, ) =1
Representability test for Case 1-1. (1) We check that the param-
eters in Egs. (14) and (15) are representable by F,,- Since

BApteg <3+ 4D+ =27"" —2< e

273+p%¢ is representable by F, ,. Apparently, 230 =¢min, 2=P+emin, 23=P=¢0,
23-P=¢, and 0 are representable by F,.

(2) We check that the intermediate numbers in Eq. (12) are repre-
sentable by I, ,, which is apparent by Eqs. (16)-(22)

Therefore, we conclude

=0
f1(xF,,) {_ 1

Case 1-2: 1 —p+e,, <¢, <0.
In this case, we have k =3 — p—¢;, —c,. Let 2| = min{£2, (2 —u) X

2—3+e,,,ax+e0+ez+cz } Since

if —Q-uyx27% <x <0,

(23)
if 27P+emin < x < Q.

=34e,tegte, +o, > =3+e)+ (e +emin) =2+ e,

we have ©; > (2 — u) x 272+,

Suppose —2; < x < (2—2ug)x27 1+ If —Q; < x < —2%P+¢z we have
(2—up)X 2% ©x = —x by Lemma 26. If 2247z < x < (2—2up)x 27 1+¢z,
we have (2 — uy) X 271+ < (2 — uy) X 2% © x < 22+P*+<:_ Therefore, we
have

2% < g (x) £ 9, 24)
Since
op=eztk ®Q < op=eztk ® (2 —u)x 9=3+epaxtegtete; — (2 — u) X 2max = Q,

we have 27+ @ Q) < Q. If Q| = (2 — u) X 273 emax+e0Fez+¢: we have
2p-e:tk @ Q) = Q. Hence, 2P =t @ 2, > 2 > 2 —u)x 2%+, If Q, = Q,
since

p—e,+k+e, =p—c,+3—p—ey—c,)+ e,

=3—e¢y—(e;+c)Feu 23—eyt+e,, =4+e,

we have 27~¢:+F @ Q| > (2 — u) x 24+, Therefore, we conclude that
Q2 —uyx2M0 <tk 0 < Q. (25)

By Lemma 24, 2% @ (2 —a_ —iiy) x 27*% and —2/** @ (2 —a, —uy) x 2P+
are exact. Together with Eq. (24) and Eq. (25), we have
2% < gy(x) £ 9,

— Q-uwyx2M < Ptk @ g (x) < 2K (26)

—@2-w)x270 <& (x) < —(a, — L +ip) x 27K <0, 27)
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—2-u)x 2% < ¢ H(x) < —(a; — 1 +up) x 217+ <0, (28)

which leads to ¢91¥1’Z(X;Fp’q) = ¢01,z‘z(X;Fp,q) =0.

If 22 < x < (2 - 2uy) X 2%, —x @ ((2 — uy) X 2°z) is exact by
Lemma 13. Therefore, we have 2P~%:+% ® g,(x) = (n; x 27P+¢z) x 2P+k
where n; = 1,2,...,2P~% — | which leads to

207t @ g1 (x) < (2= 2up) X 27K, (2P @ g (x) 2 k. 29
We consider the following cases.

Case 1-2-1: a, # 1.

In this case, we have
2K <2 —a, —iip) X 2PTK, (2 — a, — uy) x 2Pk < 2Pk, (30)
H((2 = a, = iig) X 2779), u((2 — a, — ug) X 27*K) > k.

Case 1-2-2: a, = 1.

In this case, we have
(2 —a, —iig) X 27K = (2 — ug) x 271+P+k, (31)
(2 —a, — ug) X 274K = (2 = 2ug) x 271HPHK, (32)

In both cases, since u(2°~¢:** ® g,(x)) > k, by Lemma 24, all operations
in ¢91 1Z(X;Fp-q) and ¢9121(X;]Fp,q) are exact. Hence

bo, , (T, ) =277 X ReLU (2774 X x — ((a, — ug + i) X 27*9)),

(33)
oy, (5 Fp ) = =207 X ReLU (2% X x — (a, x 27*1)), (34)
with ¢y | (i F, ). =y, , (x:F,,) € {0} U[27]. Therefore, we have
fieF, )= {0 %f 2—up)x27 e < x < 27,

1 ifz<x<(Q2-2uy) %x2°%.

If (2 —uy) x2% < x < Q, we have g;(x) = 0. Hence
o, (5 F, ) = 277K @ (2= 0 — i) x 27*5), (35)
G, (5 Fp ) = 287k @ (2 — a, — ug) X 2P+H), (36)

NiaF, ) = ¢, | (0F, ) @ ¢y, (x3TF ) = 2777 X (ug — ) = 1. (37)

with ¢, (T, ), =, , (5 F, ) € {0} U[29].

Representability test for Case 1-2.

(1) We check that the parameters in Eq. (11) are representable by
IE‘M. Since

eyin<C—c,—k<1-03-p—ey) =-2+p+e
=242 4D+ Q17212 — 1 =¢,,.,
enin <3—eg<p—e,+k=p—e,+B-p-ey—c)
=@ —ey+(—e,—c,)<3—ey—e,,

=3-Q72 - D+ -2) =212 42 < ey
2¢=¢:=k and 2P=*:** are representable by F, . Since

emin = =291 42 <4 —p-292<3p_ey<p+k=3—ey—c, < eCpu

min
Cuin <3—p—eg=(=p+c)+(Pp+k)Sul®) <e, <ptk<ey,
e =M < (p+k)—(=(p—c)+(p+k)=p—c,

where a_ # 2 —u for t = (2—a, —iiy) X 27+, (2 — a_ —uy) X 2°**, they are
representable by F,, .. If a, = 2—uy, it is obvious. Apparently, (2—u;)x2°:
is representable by I, .

(2) We check that the intermediate numbers in Eq. (12) are rep-
resentable by F, g which is apparent by Egs. (24) and (26)-(37).
Therefore, we conclude

=0
fl(X;z){_ .

Case 1-3: 0 < ¢, < -2 —p+e,,,. In this case, ¢, =0, uy = u, and
k=—p+e.

if —Q, <x<z,
ifz<x<Q.
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Let 2, = min{£2, (2 — u) X 2¢max"%%¢z}_ Since
Chax — €0+ e >en—eg+1=24+¢,

we have Q, > (2 — u) x 22+,

Suppose —2, < x < (2—u)x27 ¥ If —Q, < x < —min{,,2%P+e:},
we have (2 — u) X 2z © x = —x by Lemma 26. If —min{£2,,2%P+¢:} <
x < 2-u)x27* we have 2 —u)x 271+ < (2 —u) x 2% © x < 22+pHez,
Therefore, we have
Q-wx277% < g(x) < Q,, (38)

If Q, = (2 — u) X 2°max—¢0%*¢z we have 27tk @ Q, = Q. If 2, = Q, we
have (2 — u) X 2% < (2 — u) X 2~ ¢=*e0+emax = 2P~¢:*k @ Q. Therefore, we

have

(2-uyx2% <207 @ Q,. (39)
Hence, Eq. (38) and Eq. (39) lead to

—2-u) X290 < 2Pt @ g (x) < —(2 —u) x 271HPHE, (40)

By Lemma 24, —(2 — u) X 27'*7*k @ (2 — a, — iip) x 2"*F and —(2 — u) x
2Pk gy(2—a, —u)x2P+ are exact. Together with Eq. (38) and Eq. (39),
we have

—(2-u)X2% <& (x) < —(2a, — 1) —u+2a) x 274 < 0, (41)

— 2w X2% <L) < —(2a, — 1) +u) x 27 <0, (42)

which leads to ¢91.Lz(X;]FP'q) = ¢91,2.Z(X;vaq) =0

If 2z < x < (2 — 2u) X 2%, by similar arguments in Case 1-2 and
euin < —1+p+kp+k < e,,, we have the same results as those
in Egs. (29)-(32) from Case 1-2. Since u(2"~*:*%) ® g,(x) > k, by
Lemma 24 all operations in ¢9]1 (x;F,,) and ¢91’2‘Z(X;]Fp’q) are exact.
Hence

* Y pa

g, , . (x:Fp ) = 2777F X ReLU (27K x x — ((a, — u+ @) x 2%)), (43)

bo,,. (6 F ) = =277 X ReLU (2774 x x — (a, X 27*4)), (44)
with ¢01,1,z (x;Fp ), —¢79],2yz (x;F, ,) € [27]. Therefore,

0 ifQ-wuyx27+=<x<z,
fHisF, )= .

1 ifz<x<(2—2u)x2%%.
If 2 —u)x2°% < x <€, we have g,(x) = 0. Hence
g, | (:Fp ) =277 @ (2 — 0, —dp) x 27, (45)
o, (6 F, ) = =277 @ (2= 0 —up) x 27*5), (46)
N16F, ) = ¢, (6F, ) @ ¢y, , (3 F, ) = 277 X (ug — i) = 1,

(47)

with Po,,, (5 Fp )=, , (5 Fp ) € {0} UL27].
Representablllty test for Case 1-3. (1) We check that the param-
eters in Eq. (11) are representable by Fp,q. Since

epin <P—ey<C—c,—k<1—(—p+ey)=14+p—ey<e,
_p-"emmSl emax=p—(_2_p+emax)+(_p+e())
Sp—ez+k=p—ez+(—p+e0):e0—ez<emax,

Cpin <P+k=p+(=p+ey) =ey<eyu,

26-ez=k pp=eztk (3 —q —ii)x2P**, and (2—a,—uy)x2P** are representable
by F,,. Apparently, (2 —u) X 2%z is representable by F, ..

(2) We check that the intermediate numbers in Eq. (12) are repre-
sentable by I, ,, which is apparent by Eqs. (38) and (40)-(47). Hence,
we conclude

=0
es z){_l

if —Q,<x<z,

. (48)
ifz<x<Q.

13
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Finally, combining Case 1-1, Case 1-2, and Case 1-3, since Q; >
(2 —u)x 277 and 2, > (2 — u) x 2>*%0, we conclude that

0
Fi(x3 Z){—l

for all z satisfying 0 < z < (2 — u) X 272 7P+max,
To construct 1[x < z], we define a three-layer ReLU network
f(F,,) as follows:

if —2-uwyx2"0 <x<z7,

) (49)
ifz<x<Q,

Fr i Fp ) =wp,, (aFy ) ®wy,, (x:Fy ), (50

where

o, (5F, )= (6F, ) v, (6F, )=, (GT,,),

o, (:F, ) =27 * @ReLU((—2""" ® ReLU(gz(x))) @ (a, — 1 +up) x 27%),
oy, F,p) = —27%7F @ ReLU((=2°~*+** @ ReLU(g,(x))) @ (a, — 1) x 2°*).
Here, g,(x) is defined as

g(x)=x62%.

Let

8o (x) 1= (=277 @ ReLU(g,(x)) @ (a, — 1 + up) x 27+,

Ep(x) 1= (=277 @ ReLU(g,(x))) @ (a, — 1) x 27+,

Go,, (5 Fp ) = 2747k @ ReLU(&y 4 (),

o, (5 F, ) = =277F @ ReLU(G0(x))-

Note that (1) the following are parameters in ¢921 (x;F,,) and ¢92v“
(x;Fp )

a7k gpeztk g0 (a1 4 up) x 277K (a, — 1) x 2P*K, (51

The following are (2) the numbers occurring during the intermediate

calculations in ¢92,1,Z(X;Fp$q) and d)gmz(x;IFp’q):
800, =277 @ g3(x), £, (), 00, g, | (i Fp ). g, , (i ). (52)
We consider the following cases.

Case 2-1: —p+e,;, <e¢, <0.

In this case, we have k =3 —p—¢; —c,

If —Q < x <2%, we have g,(x) = 0. Hence we have
G100 = (@, = L4 ug) x 27, §5(x) = (a, = 1) x 2", (53)
by, (T, ) =27 @ ReLU((a; — 1 +uy) X 27*%) = (a, — 1 +ug) X 277,

54

bo,,, (3 F, ) = —27%7F @ ReLU((a, — 1) X 2P*%) = —(a, — 1) x 277, (55)
[ F, ) =, (F, ) @ ¢, (6T, ) = 2 Xy =1, (56)

with ¢921 (3 Fp ), ¢922 (x;F, ) € {0} U [27].

If (14 up) X2% < x < (2—uy) X2%, x © 2% is exact by Lemma 13.
Then g,(x) = x — 2% = n, x 27P+¢z*¢z where n, € [2/~%z — 1], which leads
to

0 < 2Ptk @ ReLU(g, (x)) < (2 — uy) x 2714+ (57)
u(2P~%=%* @ ReLU(g,(x))) > k. (58)
Since

0 < (a, = D)X 277K (a, — 1+ ug) x 20tk < 14tk (59)

by Lemma 24, all operations in dygzu(x;IF ) and ¢922_Z(x;Iprq) are
exact. Hence,

(60)
(61)

o, (5 F ) = 277 @ ReLU (=277 X x + (a +up) X 27*),

¢92,2.z (6 Fy ) =-27%"
with ¢g,, . (;F

F@ReLU(—27"+ x x + a_ x 27*K),

va) _¢92,2.z (x;F,,) € {0} U [27]. Therefore, we have

1
fF,,) = { o

if(14+uy)x2% <x<z
if zF < x < (2 —upy) X 2°%.
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Suppose 2!+ < x < Q. If 21+¢: < x < 2%P+e: we have 2% < x©2% <
2%pre: If 22FPte: < x < Q, we have x © 2°: = x by Lemma 26.

Therefore, we have
2% < gy(x) < 2, (62)

By Lemma 24, —27*K @ (a, — 1 + uy) X 27*F and —27*F @ (a, — 1) x 2P*F
are exact. Together with Eq. (25) and Eq. (63), we have

2% < gr(x) < 2,

- Q-uyx2M0 < 2Ptk @ g (x) < 2P, (63)
—Q2-w)x270 <& (x) < —Q2—a, —up) x 2P <0, (64)
— Q2= X270 < 5H(x) < —(2—a) X 2P <0, (65)

which leads to ¢92.1.z(X;]FP~f1) = ¢92.2.Z(X;Fp,q) =0.

Representability test for Case 2-1.

(1) We check that the parameters in Eq. (51) are representable
by F,,. Since 2-¢:~k 2p=¢: are shown to be representable by F,, in
Case 1-1 and Case 1-2 and 2% is obvious, we only need to check
(a, = 1 +up) X 2°** and (a, — 1) x 2°**. Since

Cmin =

epin <3—p—ey=(—p+c)+(p+k) S pu@®) <e¢, <pt+k<ey,,,
¢ —HO) S (p+k)—(=(p—c)+(p+k)=p—c,,

2071 42 <4 p-292 <3 —p-ey<p+k=3—ey—c, < eCpu

where a, # 1 for t = (a, — | + ug) x 27*% (a, — 1) x 27+, they are
representable by F, .. If a, = 1, it is obvious.

(2) We check that the intermediate numbers in Eq. (52) are repre-
sentable by IF, ,, which is apparent by Egs. (53)—(65). Therefore, we
conclude

=1
f(xF,,) {

p.q>

if —Q<x<z

66
ifzF <x<Q. (66)

=0
Case 2-2: 0<e, <—2—p+e,,,.
In this case, ¢, =0,uy =u, and k = —p + ¢,
If —Q < x <2°, we have g,(x) = 0. Similar to Case 2-1, we have
1) = (o, — 1+u)x 27, £, (x) = (a, — 1) x 27*K, 67)
by, (i, ) =277 @ ReLU((a, — 1 +u) X 2°*K) = (a, — 1 +u) x 207,

(68)
bo,, (G F, ) = =27 @ ReLU((a, — 1) X 27*%) = —(a, — 1) x 2775,

(69)
FreFy ) =g, (6F,) @ dy,, (6F,) =27 xu=1, (70)

with ¢y, (5F,,) =gy, (5 F,,) € (0} UL27].

If (1 +u)Xx2% < x <(2—u)X2%, by similar arguments in Case 2-1
withee,,;, < p+k <e,,,, we have the same results as those in Egs. (57)—
(59) from Case 2-1. By Lemma 24, all operations in qbgzvu (x;F,,) and
¢02,2,,(X;Fp,q) are exact. Hence,

(71)
(72)

¢02] Z(X;]Fp,q) = 2—07,—’( ® ReLU(_zp—cz+k X x + (az 4 u) % 2p+k),
bo,,. (6 F, ) = =27=F @ ReLU (=27 x x + a, x 27*F),

with ¢y, (o)l g, , . (x;F, )l € {0} U[27]. Therefore, we have

1
f(F,,) = { .

o, (6 F, ) = 277K @ (2 = 0 —dig) x 27*5),

if (14+u)x2% <x<z
if zt <x < (2—u)x2%.

(73)
o, (5 F, ) = 27K @ (2 — 0, —u) x 27*5), (74)
NeF, ) = ¢g, (6F, ) @by, (6F,) =27 xw—ap) =1, (75)

with ¢y | (i F, ). =y, , (::F, ) € {0} U[27].
Suppose 21*¢: < x < Q,. If 21*%: < x < min{£,,2?*7*¢:}, we have
2% < x©2% < min{Q,,22+P ez}, If min{£2,,22*7*¢:} < x < Q,, we have

14
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X ©2% = x by Lemma 26. Therefore, we have
2% < gy(x) < 82, (76)

By Lemma 24, =2P*F @ (a, — 1 +u) X 27*% and —2°* @ (a, — 1) x27*F are
exact. Together with Eq. (39) and Eq. (76), we have

2% < gr(x) < £2,,

— Q- x2%0 < 2t @ oo (x) < 27K 77)
—Q2-wX2% <& (x) < -2 —a, —u)x 2", <0, (78)
—2-w)X2% < {Ho(x) < —(2—a,) X 27K <0, (79)

which leads to ¢92,1,Z(X;]Fp,q) = ¢0212‘Z(.X;]Fp’q) =0.

Representability test for Case 2-2.

(1) We check that the parameters in Eq. (51) are representable by
F,,- Since 2-¢z=k 2p=¢z are shown to be representable by F,, in Case
1-3 and 2°: is obvious, we only need to check (a, — 1 +u) X 27+% and

(a, — 1) x 2P**, Since

epin <P+ k=-ey<e,

epin <—Ptey=(=p+c,)+(Pp+k)Su®)<e, <p+k<e,,,

¢ —u <P+l - (-(p-c)+@+k)=p-c,

where a, # 1 for t = (a,—1+u)x2P%, (a,—1)x2P**, they are representable
by F,,. If a, = 1, it is obvious.

(2) We check that the intermediate numbers in Eq. (52) are repre-
sentable by I, ,, which is apparent by Egs. (67)—(79). Therefore, we

g’
conclude
£ GaF ) =1 if —-Q<x<z ©0)
X3
2 P =0 if zt <x<Q,.

Finally, combining Case 2-1 and Case 2-2, since 2, > (2 — u) X 272
and @Q, > (2 — u) x 2%*%0, we conclude that

=1
fr(x5Fp ) {

if —Q<x<z

81
if zt < x < (2—u)x 272+, &L

=0
for all z satisfying 0 < z < (2 — u) X 2727P+®max,
Now, we consider z < 0, we define
i F, ) =w ) (6F, )@y, (x;F,,),
) =wy (6F, ) @y, (xiFp ),
Wi 06F, ) = do1 (X Fy ), w0 (6F, ) = dps . (=x;F, ),
o 1:6F, )= _(=xF, ), wao (xF, ) =15 _(—x;F, ).

Then we have

f1aFy ) =g, (—xF, )@ ¢y,  (—x:F, )

={<1>

[ Fy ) =g, (xF, )@ ¢y,  (=xF,,)

={(1)

for all z satisfying —(2 — u) x 272 P*emex < z < 0.
Finally, we have vy, (F, ). — WGI_Z;:(X;]Fp»q) € {0} u [27] for all
i€ {1,2), and ” '

0
fieFpg) = { |

£ GaF ) 1 if —Q<x<z
x; =
2 pa 0 ifzt <x<@2-u)x2 e,

for all z satisfying 0 < |z] < (2 — u) X 2727 P+emax,

Lastly, it is easy to observe that L for all i,j € {1,2} and
z € F,,\ {0} share the same network architecture of 3 layers and 5
parameters. This completes the proof. []

if —Q-uwx22*0 <x<z,
ifz<x<Q,

if —Q<x<z
if zt < x < (2 —u)x 272+,

if —Q-uyx2720 <x<z,
ifz<x<Q,
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6.3. Proof of Theorem 8

The proof is almost identical to Theorem 2.
We define f,, as follows.

Fop®%iFp) =D (5 ® £y, , % F, )
i=1
2d

fo,®Fpp) =1 [EB (81,3 Fp) © 2d] . Va,pEFI

i=

&1 (xj3Fy ) = 1[=x; + 8, 2 0], g;(x;,F, ) =1[x; ©a; 20|, Vj € [d].

From the definition of g;, for i € [2d], one can observe that

2 if x; € la;, B;],

82105 Fp0) + 82,553 Fp) = {1 if x; & [a,, 5]
J Py

Since @7, gi(x(in1,:Fpg) < m < 2P —1for 1 < m < (2d - 1),
and |g;(xfi/21,3Fp o)l = 0,1, by Lemma 25, @fjl 8i(X[i/21,3 Fpq) s exact.
Therefore, we have @fjl 8i(X[i21,:Fpg) = 2d if x € H;Ll[a,-,ﬂ,-] and
@1‘2:1 8i(xX[iy2,: Fpg) <2d otherwise, i.e.,

d
fo,, % Fp) =1 [X € [a-,ﬂ,-]] ,

j=1

d
fgz[.Z[ (X’ FP"I) =1 [X € H[zi’j’ zi’j]:| =1 [X = zi] :
j=1
Then, fop @3 Fp ) =y for all i € [n] and f can be implemented by a
three-layer Step network of 6dn+2n parameters (4dn parameters for the
first layer, 2dn + n parameters for the second layer, and n parameters

for the last layer).

6.4. Proof of Theorem 9

The proof is almost identical to Theorem 3.
If w>l(e) > n, for x,x' € F,, with [lx —x'||, <6 = a);*l(f), we have
| f*x) = f*(x)| <e.Ifn > w}*l(e), forx,x' € F,, with [x—x'||, <6 <n,

we have |f*(x) — f*(x’)| = 0 since x = x’. Hence for x,x’ € F,, with
Ix —x'||l, <8, we have
If*®) - ffx)] <e. (82)

Now, for each i € [K], we define

is ifief{0.1,....K—1},
a; =
' 1 ifi=K,

[@>),a " nF,, ifiek-1],
Li=y er, «F

pa) e
lag " ag InF,, ifi=K.

Without loss of generality, we assume that 7, # @ for all i € [K];
otherwise, we remove empty 7 s decrease K, and re-index I, so that Z; if
non-empty for all i € [K]. We note that since 0, 1 € ¥, , there is at least
one non-empty 7; and K > 1. Additionally, unlike in ¥, in F,, Z; is
finite due to the existence of the smallest positive number. Then, by the
above definitions, it holds that sup Z; —inf 7; < 6, 7; and Z;, are disjoint
if iy # iy, and ;g4 L; = [0, 11NF, .. For each 1 = (1y, ..., 1) € [K14, we
also define

arg min
XGZ,I ><~~~><l,d

V= L0 = [ 0],
which is well-defined since Z, x ---x I, is non-empty and finite.
We are now ready to introduce our Step network construction fj:

2d
[(@ht./(xw/zm)) ©d2 0] ;
j=1

fixF,)= @ 1) ®1

1€[K )4

15
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where for each j € [d] and 1 = (14, ..., 1) € [K]?,

]l[x—a;i]F’“') 20] if1, € (2,....K},

hypjo(x) =
]l[x+a(()2’]F”"')20] ifi; =1,
—ﬂ[x—a(.Z‘F”) zo] if1e(l,.... K1},
J J
h,’zj(x)=

CFpg) )
e <] ity =k

Since h, ;(x) € {~1,0, 1}, h,5;_;(x) + h,5;(x) = {~1,0,1}, we have

m
D rixir)

J=1

<d <2k

for any 1 < m < 2d. Therefore, by Lemma 25, all operations in
the computation of EBJz,il hy j(x;/2),) are exact. Furthermore, for each
= IFg,q n[0,1]¢, we have

2 .
=d if I, x--X1,,

@D niexm,) i doTd

= <d ifxe(0,1] r'mIFp’q)\(I,l X -

Since \J,gxye Ly X -+ X 1, = Fﬁyq n[0,1]4, we have

fo&xF, ) =[f"(r)), VX € L, X-- XTI, .

Hence, for each 1 € [K]? and x € I, X X1

x1,).

192
[fo: Ty ) = fX 01 = T G)] = £l + 1 f () = £ )]
SIF®] = ®l+e,

where we use Eq. (82) for the above inequality. Since each h,;
can be implemented by a Step network of 3 parameters,
1 [(@Jzil ht,j(xﬁ/ﬂz)) od> O] can be implemented using 64+1 param-
eters. This implies that our f, can be implemented by a Step network
of 3 layers and (6d + 2)K? parameters. This completes the proof.

6.5. Proof of Theorem 10

Recall that # = 27P*¢max is the smallest positive number in F, ,. For
each i € [n], we also define h; |, ..., h; 4, as follows: for each j € [d], if
z; #0,

higj_3 = Yoi1,, vhigjo = Yoio,,,,°

higj1 = _Wé’l,l.x,'jv2 s gy = _1115’1,2.1,-'112 ’

where t;;; = z;; and 1, ;, = z:j. Ifz; =0,

higj3 = —Weu,[.jvl s higjo= _W92~2J,-.,,1 >

higj = TVor1;, hig; = TWora4;,

where #;;, = —n and 7;;, = 7, and y,  _.wp , are defined in

Lemma 27.

From Lemma 27, the signs of h; 4;_3(x), h; 4;_»(x) are different. The
signs of h; 4;_1(x), h; 4;(x) are also different. Let 5,;_3 = S5 54j-1 =
Spyyyo0o- SinCe |z, < (2= w) X 2~ P+emax for all i € [n],j € [d], by
Lemma 27, we have

1 47300 1 42O Ry 451 (GO LRy 4;(0)] € {0} U [27],

o e {1
o T T Al < - Lx 2 ) = 1k = 0] - 1

for all x € F,, with x| < (2 —u) X 2342972
Let 0 < m < d < 2°. For m, suppose sy,,; = 1. Then we have
i1 () + Ry 40 () = Iy € {0, 1} and

if z;; #0,

ifz,; =0,

4m
-2 <-m<
Jj=1

i () Sm <28, Ry (x) € {0} U 27],
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4m+1
=20 < mm ot By gy () S @D By () S By (x) < 27,
j=1
= By a2 (x) € {0} U [27],
4m+2
=20 < —mt Ly @D Ry ) St Ly <27
j=1

By Lemma 25, all above operations in @j’:f’z h; j(x) are exact.
Suppose s4,,.; = —1. Then we have £, 4,11 () + h; 4,40(X) = I441 €
{0,-1}, and
4m

=27 <—m <@y (x) SMm< 2P, =Ry 4y (x) € (0} U[27],

j=1

4m+1

=2 <t By g () S @D () St By () 27,

j=1

By gmn () € {0} U [27],

4m+2

=27 <t Lypyy < @D () St gy <27,
j=1

By Lemma 25, all above operations in @j;";’z h; ;(x) are exact.

Since s4,,3 = —1, we have 7;4,,3(X) + hjga(X) = lgpy3 €

{0, =1}, Lypms1 + lamss € {0,—1}, and

4m+2
=20 < —mlyy S @D 0 <27,

Jj=1
- h,-’4m+3(x) e {0} u[27],
4m+3

=2 <t Ly + By a3 () S @D By (0 S 27 4 By 43 (),
j=1
By amsa(x) € (0} U [27],
4m+4

2P < mmA gy g+ gy s < EB Ry () <20 4 1y, 3 <2P.

j=1

Am+2
1 hy;(x) are exact.

Therefore we conclude that all operations in @jil h; ;(x) are exact
with |e9jil h ()| € {0} U[2°].
We design the target network f, as follows:

n 4d
fox:F,,) = @Dy ® ReLU <<@ h,,j(xwﬂz)) ® b,.> ,
i=1 j=1
where b, =|j € [d] : z;; =0] = (d - 1). Since for each k € [n]
4d
=b +1
h. . ) i
@ A,/(zk,D/‘ﬂz) {S b,

fp memorizes the target dataset. Since there are 5 parameters for each
h; j» fo has 20dn + 2n parameters. This completes the proof.

By Lemma 25, all above operations in

ifz, =z,
if z, #z;,

6.6. Proof of Theorem 11

The proof of Theorem 11 is almost identical to that of Theorem 9;
we define 7;, a;, and ¥, as in Section 6.4. For each 1 € [K]¢, j € [d], we

also define h, y, ..., h, 4, as follows:

N B W‘)Ll»h./.l ify; €{2,....,K},
S A ifi;, =1
waLmL] T
P B W91~2»’z.,',1 ifi; €{2,....,K},
W=2 7 ifi1,=1
lIl@z.z,z,»{,y, i
hygjo1 = _ng,l.r,yj'z’

hl,4j = _ng,z,r,ﬁj_z ’

16
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- ifi; =1,
Iyl = aﬁ’in«a) ifi; € {2,...,K},
P a0 iy (LK - 1),
w2 ai;’JF""I) if 1, = K.

and yp, | . vy, , are defined in Lemma 27.
Namely, we have

—1[x < -]
1xza ] iy € (20K,

if =1,
hygj3(X) @ hy gy (x) =

F,)
a M

—]l[xz
J

| ity et k-1,

Rygjo 1 (X) @ hyy(x) =
1,4 1,4j —Il[x > a(K>,1F,,,q)] if I = K.

]l[O <x< a(Z'F’“’)] -1

) iflj=1,

4
h 4 i~k (X) =
@ - ﬂ[aﬁif”"’) <x< aﬁzyﬂ?””)] if 15, €(2,....,K—-1},
for all x € F,, with |x| < (2-u)x 27322 by Lemmas 25 and 27. We
design the target network f as follows:
4d
foxFo = P 1o @1 [(@hx,,-(x“m) @b 2 0] :
1€[K]4 J=1

where b, =|j € [d] : zi;=0l—(d—1).

By similar argument presented in the proof of Theorem 10, all
operations in @jil h, j(x1;/4),) are exact by Lemma 25, i.e., for each
k € [n]

€4Id9h ( J[=birl e, xxT,,
L\ XTj/41; .
=R <o 0.1 nFY )\ (T, X X T,

This implies that for each 1 € [K]? and x € I, xx1,

o Fp) = £O1 = 1[5 = @)+ 1) = )]
<IF*®] - ] +e,

where we use Eq. (82) for the above inequality. Since each h,; can
be implemented by a ReLU network of 3 layers and 5 parameters by
Lemma 27, 1 [(@ﬁl h,'j(x[jmz)) @b > O] can be implemented using
20d + 1 parameters. This implies that our f can be implemented by a
ReLU network of 4 layers and (20d +2)K¢ parameters. This completes
the proof.

7. Discussions

In this section, we discuss possible extensions of our research. One
possible direction is to explore general activation functions, which
may require more cautious inspections of floating-point operations.
For example, in our ReLU network constructions, we approximate a
Step function via a ReLU network of size O(1) using the flat region of
RelU, i.e., ReLU(x) = 0 for all x < 0. However, even most piecewise
linear activation functions, such as Leaky-ReLU, do not have such a flat
region, i.e., our ReLU network constructions do not easily generalize.

We expect that networks using general smooth functions require
more caution. This is because there are various different ways to imple-
ment each function in floating-point numbers. Consider the exponential
function e*, for instance. Mathematically, it can be computed via the
Taylor series expansion as e* = | @ x ® (x ® x ® 2~') @ ---. However,
the result of floating-point operations can vary depending on their
operation order, e.g., ((é RX)®X)Q x # é ® (x ® (x ® x)). Addi-
tionally, a standard approach to implement the exponential function
is to divide the input range into several regions and calculate the
ouput differently in each region (Muller, 2016). Such a complicated
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method is used to guarantee a small rounding error in the output; for
instance, the GNU C library (Loosemore, Stallman, McGrath, Oram, &
Drepper, 2024) claims that its implementation of various mathemati-
cal functions (e.g., exp,log,sin) has a maximum error of 10 ulps® for
most inputs. Therefore, when discussing the universal approximation
property of a specific activation function in the floating-point setting,
we should specify not just the activation itself but also its computation
protocol and its guaranteed error bounds. It would be an interesting
research topic to analyze the approximation capacity of each activation
computing protocol.

We can also explore another arithmetic approach, integer arith-
metic, which is utilized in quantized neural networks. Additionally, it
will be an interesting research topic to investigate the expressive power
of more general network architectures such as residual networks, and
convolutional neural networks.

8. Conclusion

In this work, we investigate the expressive power of neural networks
under the fully floating-point setting; all parameters of neural networks,
inputs, and intermediate values are floating-point, and neural networks
are represented as compositions of floating-point operations. Under
unbounded exponent floating-point arithmetic F,, we first demonstrate
that Step network has memorization universal approximation prop-
erties (Theorems 2 and 3). Following this, we establish that ReLU
network also exhibits memorization universal approximation properties
by constructing the indicator function using ReLU network (Theorems 5
and 6). Additionally, under bounded exponent floating-point arith-
metic F,,, we also demonstrate that Step and ReLU network possess
memorization and universal approximation properties (Theorems 8-
11). Because underflow and overflow in F,, presents challenges in
constructing the network, we develop several technical lemmas to
address this (Lemmas 23-27).

On the other hand, most prior works regarding universal approxi-
mation assume real-valued inputs and parameters and/or exact math-
ematical operations, which cannot be simulated by modern computers
that can only represent a tiny subset of the real numbers and apply
inexact operations. Considering that almost all neural networks are
indeed implemented under floating-point machinery, it is important to
theoretically analyze the properties of floating-point neural networks.
To the best of our knowledge, this is the first work to tackle the univer-
sal approximation property under the floating-point setting. We believe
that our results and analyses under floating-point operations would
contribute to a better understanding of the performance of modern deep
and narrow networks that are executed on actual computers.
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