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A B S T R A C T

The study of the expressive power of neural networks has investigated the fundamental limits of neural
networks. Most existing results assume real-valued inputs and parameters as well as exact operations during
the evaluation of neural networks. However, neural networks are typically executed on computers that can
only represent a tiny subset of the reals and apply inexact operations, i.e., most existing results do not apply
to neural networks used in practice. In this work, we analyze the expressive power of neural networks under a
more realistic setup: when we use floating-point numbers and operations as in practice. Our first set of results
assumes floating-point operations where the significand of a float is represented by finite bits but its exponent
can take any integer value. Under this setup, we show that neural networks using a binary threshold unit
or ReLU can memorize any finite input/output pairs and can approximate any continuous function within an
arbitrary error. In particular, the number of parameters in our constructions for universal approximation and
memorization coincides with that in classical results assuming exact mathematical operations. We also show
similar results on memorization and universal approximation when floating-point operations use finite bits for
both significand and exponent; these results are applicable to many popular floating-point formats such as
those defined in the IEEE 754 standard (e.g., 32-bit single-precision format) and bfloat16.
1. Introduction

Identifying the expressive power of neural networks is an important
problem in the theory of deep learning. Theoretical results represented
by the universal approximation theorem have shown that neural net-
works with sufficiently large width and depth are able to approximate
a continuous function on a compact domain within an arbitrary er-
ror (Cybenko, 1989; Hornik, Stinchcombe, & White, 1989; Lu, Pu,
Wang, Hu, & Wang, 2017; Park, Yun, Lee & Shin, 2021; Pinkus,
1999). Another line of work on memory capacity has studied regression
problems and showed that shallow networks with 𝑂(𝑛) parameters can
fit arbitrary 𝑛 input/output pairs (Baum, 1988; Huang & Babri, 1998;
Vershynin, 2020; Yun, Sra, & Jadbabaie, 2019), while 𝑜(𝑛) parameters
are sufficient for deep ones with 𝜔(1) layers (Park, Lee, Yun & Shin,
2021; Vardi, Yehudai, & Shamir, 2022). However, since these results
assume exact mathematical operations, they do not apply to neural
networks executed on computers that can only represent a tiny subset
of the reals (e.g., floating-point numbers) and perform inexact opera-
tions (e.g., floating-point operations) (Puheim, Nyulászi, Madarász, &
Gašpar, 2014; Wray & Green, 1995).
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2 There are other rounding modes (e.g., ‘‘round towards 0’’) as well, but this paper assumes the ‘‘round to nearest (ties to even)’’ mode since it is the most

commonly used one (e.g., it is the default rounding mode in the IEEE 754 standard (IEEE Computer Society, 2019)).

Several works studied the expressive power under machine-repre-
sentable parameters. For example, Ding, Liu, Xiong, and Shi (2019)
showed that for approximating a continuous function within 𝜀 error
using quantized weights, 𝑂(𝐾 log5 𝜀) parameters are sufficient where
𝐾 denotes the number of parameters for approximation using real-
valued parameters. The memory capacity of networks with quantized
weights was also studied in Park, Lee, et al. (2021), Vardi et al. (2022).
However, these works also assume exact mathematical operations, and
hence, what neural networks can/cannot do on actual computers has
remained unknown.

Most neural networks used in practice operate under floating-point
arithmetic. Typically, a floating-point number 𝑥 can be written as 𝑥 =
𝑠𝑥 × 𝑎𝑥 × 2𝑒𝑥 , where 𝑠𝑥, 𝑎𝑥, and 𝑒𝑥 are called the sign, significand,
and exponent of 𝑥, respectively. Here, to express 𝑥 using a finite
memory, 𝑠𝑥, 𝑎𝑥, and 𝑒𝑥 must have finite-bit representations: e.g., in 32-
bit single-precision floats, 𝑠𝑥 uses 1 bit, 𝑎𝑥 uses 23 bits, and 𝑒𝑥 uses
8 bits (IEEE Computer Society, 2019). If we apply floating-point addi-
tion/multiplication to two floating-point numbers, the result is rounded
to a nearest2 floating-point number; hence, floating-point operations
may incur some rounding error.
vailable online 9 April 2024
893-6080/© 2024 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.neunet.2024.106297
Received 15 January 2024; Received in revised form 4 April 2024; Accepted 7 Apr
il 2024

https://www.elsevier.com/locate/neunet
https://www.elsevier.com/locate/neunet
mailto:sejun.park000@gmail.com
https://doi.org/10.1016/j.neunet.2024.106297
https://doi.org/10.1016/j.neunet.2024.106297
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neunet.2024.106297&domain=pdf


Neural Networks 175 (2024) 106297Y. Park et al.

i

s
t
T
o

1

t
w
p
1
w
c
i

w
b
h
p
2
M
t

p
n
p
T
s
p
e
m

s
c
i

1

f
a
t
i

2

2

[
i
c
f
c
F
𝑥
(
a
w
d



o

𝜔

a

𝜔

T
a

2

F

w
−
(
f
(

Although the relative error of each floating-point operation is usu-
ally small, the relative error incurred by a composition of such opera-
tions can be arbitrarily large, even with a small number of operations.
For example, let 𝛿 be some small floating-point number such that 1∕𝛿
s also a floating-point number, and consider the expression (1∕𝛿)× (1+
𝛿−1). If floating-point operations are applied to this expression and 𝛿 is
mall enough, then 1 is returned for the expression 1 + 𝛿. This implies
hat 0 is returned for (1 + 𝛿 − 1) as well as for the entire expression.
hus, the final output 0 has a relative error one compared to the true
utput 1 (which is computed under exact operations).

.1. Summary of contribution

Unlike prior works considering exact mathematical operations that
ypical neural network implementations do not perform, in this work,
e investigate the expressive power of neural networks under floating-
oint operations, with the following activation functions: Step(𝑥) =
[𝑥 ≥ 0] and ReLU(𝑥) = max{𝑥, 0}. To our knowledge, this is the first
ork that considers practical neural networks typically implemented by

omputers using floating-point numbers (e.g., inputs, parameters, and
ntermediate values) and operations (e.g., addition and multiplication).

Our first set of results is for F𝑝, a set of floating-point numbers
ith 𝑝-bit significand and unbounded exponent (i.e., the exponent can
e any integer), and an input dimension 𝑑 ≤ 2𝑝. We note that F𝑝
ave been widely used in the floating-point literature since floating-
oint operations in F𝑝 do not incur any overflow and underflow (Boldo,
015; Boldo & Melquiond, 2011; Jeannerod, 2015; Jeannerod, Louvet,
uller, & Plet, 2016; Jeannerod & Rump, 2018), i.e., F𝑝 is often easier

o analyze compared to the bounded exponent case.

• As in the classical results, we show for Step networks that 𝑂(𝑛)
parameters are sufficient for memorizing arbitrary 𝑛 input/output
pairs. Theorem 2 states that there exists a Step network 𝑓𝜃 ∶
F𝑑𝑝 → F𝑝 of 𝑂(𝑛) parameters that is parameterized by 𝜃, uses
only floating-point operations, and satisfies the following: for any
 = {(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂ F𝑑𝑝 × F𝑝 such that 𝐳𝑖 ≠ 𝐳𝑗 for all 𝑖 ≠ 𝑗,
there exists 𝜃 satisfying

𝑓𝜃 (𝐳𝑖) = 𝑦𝑖, for all 𝑖.

• We next show that Step networks can also universally approximate
continuous functions on a unit cube. Theorem 3 states that for any
continuous 𝑓 ∗ ∶ [0, 1]𝑑 → R and 𝜀 > 0, there exists a floating-point
Step network 𝑓 ∶ [0, 1]𝑑 ∩ F𝑑𝑝 → F𝑝 such that

|𝑓 (𝐱) − 𝑓 ∗(𝐱)| ≤ |𝑓 ∗(𝐱) − ⌈𝑓 ∗(𝐱)⌋| + 𝜀, for all 𝐱 ∈ [0, 1]𝑑 ∩ F𝑑𝑝 ,

where ⌈𝑓 ∗(𝐱)⌋ denotes a floating-point number in F𝑝 closest to
𝑓 ∗(𝐱). The first term in the error bound denotes an intrinsic error
arising from the nature of floating-point arithmetic, i.e., one cannot
achieve a smaller error than this term.

• By carefully analyzing floating-point operations, we further extend
these results to ReLU networks in Theorems 5 and 6.

Our next set of results considers a more realistic class of floating-
oint numbers F𝑝,𝑞 with 𝑝-bit significand and 𝑞-bit exponent, i.e., each
umber in F𝑝,𝑞 can be represented by a finite number of bits. In
articular, we focus on 𝑝, 𝑞 satisfying 𝑞 ≥ 5 and 4 ≤ 𝑝 ≤ 2𝑞−2 + 2.
his condition on 𝑝, 𝑞 is met by many practical floating-point formats
uch as those defined in the IEEE 754 standard (e.g., 32-bit single-
recision format) (IEEE Computer Society, 2019) and bfloat16 (Abadi
t al., 2016); see Section 2.2 for details. We note that operations in F𝑝,𝑞
ay incur overflow or underflow unlike in F𝑝.

• Theorems 8 and 9 show that memorization and universal ap-
proximation using Step networks are possible under F𝑝,𝑞 with a
similar number of parameters for the F𝑝 case. This shows that
Step networks are expressive even under realistic floating-point
operations.
2

• Showing similar memorization and universal approximation results
for ReLU networks is more challenging since the output of an
activation function can be very large unlike in Step networks; this
can incur overflow if the output is multiplied by a large weight
in the next layer. Nevertheless, by carefully analyzing floating-
point operations under F𝑝,𝑞 , we show in Theorem 10 that 𝑂(𝑛)
parameters are sufficient for memorizing arbitrary 𝑛 input/output
pairs (𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛), under a mild condition on inputs. In addi-
tion, Theorem 11 shows that universal approximation using ReLU
networks is possible under F𝑝,𝑞 .

We lastly note that the numbers of parameters used in our results to
how memorization and universal approximation have the same order
ompared to the necessary and sufficient numbers of parameters shown
n corresponding prior results under exact operations.

.2. Organization

We introduce our problem setup and notations in Section 2. We then
ormally describe our results on the expressive power of Step networks
nd ReLU networks under F𝑝 and F𝑝,𝑞 in Sections 3 and 4. We present
he proofs of these results in Sections 5 and 6, and conclude the paper
n Section 8.

. Problem setup and notations

.1. Notations

We first introduce the notations used in this paper. For 𝑛 ∈ N, we use
𝑛] ≜ {1,… , 𝑛}. We often use lower-case alphabets 𝑎, 𝑏, 𝑐,… for denot-
ng scalar values and bold lower-case alphabets 𝐚,𝐛, 𝐜,… for denoting
olumn vectors where 𝑓, 𝑔, ℎ are reserved for denoting a scalar-valued
unctions. For 𝑛 ∈ N, we use 𝟏𝑛 to denote the 𝑛-dimensional vector
onsisting of ones. For a vector 𝐱, we use 𝑥𝑖 to denote its 𝑖th coordinate.
or  ⊂ R and 𝑥 ∈ R, we use 𝑥(≥;) ≜ inf𝑣∈∶𝑣≥𝑥 𝑣, 𝑥(≤;) ≜ sup𝑣∈∶𝑣≤𝑥 𝑣,
(>;) ≜ inf𝑣∈∶𝑣>𝑥 𝑣, and 𝑥(<;) ≜ sup𝑣∈∶𝑣<𝑥 𝑣. Likewise, for 𝐱 =
𝑥1,… , 𝑥𝑑 ), we define 𝐱(≤;) ≜ (𝑥(≤;)1 ,… , 𝑥(≤;)𝑑 ) and use 𝐱(≥;), 𝐱(<;),
nd 𝐱(>;) similarly. For 𝐱, 𝐲 ∈ R𝑑 , we use [𝐱, 𝐲] ≜ [𝑥1, 𝑦1] ×⋯× [𝑥𝑑 , 𝑦𝑑 ];
e also use [𝐱, 𝐲), (𝐱, 𝐲], and (𝐱, 𝐲) similarly. We use ⋃

⋅ to denote the
isjoint union.

We use 𝐶( ,) to denote the set of all continuous functions from
to  . Given a continuous function 𝑓 ∶  → R for some compact
⊂ R𝑑 , we use 𝜔𝑓 ∶ R≥0 → R≥0 to denote the modulus of continuity

f 𝑓 , defined as

𝑓 (𝛿) ≜ sup
𝐱,𝐱′∈∶‖𝐱−𝐱′‖∞≤𝛿

|𝑓 (𝐱) − 𝑓 (𝐱′)|,

nd we use 𝜔−1
𝑓 ∶ R≥0 → R≥0 ∪ {∞} to denote its inverse, defined as

−1
𝑓 (𝜀) ≜ sup{𝛿 ≥ 0 ∶ 𝜔𝑓 (𝛿) ≤ 𝜀}.

hroughout this paper, we treat the input dimension 𝑑 as a constant
nd often hide it in the big-O notation 𝑂(⋅).

.2. Floating-point numbers

We consider two types of floating-point numbers:

F𝑝 ≜
{

𝑠 × (1.𝑎1 ⋯ 𝑎𝑝) × 2𝑏 ∶ 𝑠 ∈ {−1, 1}, 𝑎1,… , 𝑎𝑝 ∈ {0, 1}, 𝑏 ∈ Z
}

∪
{

0
}

,

𝑝,𝑞 ≜
{

𝑠 × (1.𝑎1 ⋯ 𝑎𝑝) × 2𝑏−1+𝑒𝑚𝑖𝑛 ∶ 𝑠 ∈ {−1, 1}, 𝑎1,… , 𝑎𝑝 ∈ {0, 1}, 𝑏 ∈ [2𝑞 − 2]
}

∪
{

𝑠 × (0.𝑎1 ⋯ 𝑎𝑝) × 2𝑒𝑚𝑖𝑛 ∶ 𝑠 ∈ {−1, 1}, 𝑎1,… , 𝑎𝑝 ∈ {0, 1}
}

, (1)

here 1.𝑎1 ⋯ 𝑎𝑝 and 0.𝑎1 ⋯ 𝑎𝑝 denote binary representations and 𝑒𝑚𝑖𝑛 ≜
2𝑞−1+2. We also use 𝑒𝑚𝑎𝑥 ≜ 2𝑞−1−1 for F𝑝,𝑞 . In Eq. (1), the first factor

i.e., 𝑠) of each floating-point number is called the sign, the second
actor (e.g., 1.𝑎1 ⋯ 𝑎𝑝) called the significand, and log2 of the third factor
e.g., 𝑏) called the exponent. For instance, the sign, significand, and
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exponent of any 𝑥 ∈ F𝑝,𝑞 are always in {−1, 1}, [0, 2), and [𝑒𝑚𝑖𝑛, 𝑒𝑚𝑎𝑥],
espectively. Many floating-point formats used in practice can also
epresent three special values: +∞, −∞, and NaN (not-a-number). We
o not include these values in F𝑝 and F𝑝,𝑞 , yet we do consider them in
ur results (including proofs). For F𝑝,𝑞 , we assume that 𝑝 and 𝑞 satisfy
≥ 5 and 4 ≤ 𝑝 ≤ 2𝑞−2 + 2.

As we introduced in Section 1.1, floating-point numbers with un-
ounded exponent F𝑝 have been widely used since it does not incur
ny underflow and overflow (i.e., rounding to 0 or ±∞) unlike those
ver F𝑝,𝑞 (Boldo, 2015; Boldo & Melquiond, 2011; Jeannerod, 2015;
eannerod et al., 2016; Jeannerod & Rump, 2018). On the other hand,
ach number in F𝑝,𝑞 can be represented by a finite number of bits,
nd F𝑝,𝑞 covers many practical floating-point formats. For example,
he following floating-point formats defined in the IEEE 754 stan-
ard (IEEE Computer Society, 2019) are all instances of F𝑝,𝑞 : the 16-bit
alf-precision format has (𝑝, 𝑞) = (10, 5); the 32-bit single-precision
ormat has (𝑝, 𝑞) = (23, 8); the 64-bit double-precision format has
𝑝, 𝑞) = (52, 11); and the 128-bit quadruple-precision format has (𝑝, 𝑞) =
112, 15). Also, the bfloat16 format Abadi et al. (2016), frequently used
n machine learning these days, is also an instance of F𝑝,𝑞 with (𝑝, 𝑞) =
7, 8).

We say a non-zero number 𝑥 ∈ F𝑝,𝑞 is normal if |𝑥| ≥ 2𝑒𝑚𝑖𝑛 (i.e., sig-
ificand is at least 1), and is subnormal if |𝑥| < 2𝑒𝑚𝑖𝑛 (i.e., significand is
maller than 1). In F𝑝,𝑞 , we denote the unit round-off as 𝑢 ≜ 2−𝑝, the
argest number as 𝛺 ≜ (2 − 𝑢) × 2𝑒𝑚𝑎𝑥 , and the smallest positive number
s 𝜂 ≜ 2−𝑝+𝑒𝑚𝑖𝑛 . We also use 𝑢 ≜ 2−𝑝 for F𝑝. We often use F to denote
ither F𝑝 or F𝑝,𝑞 .

.3. Floating-point operations

For both F𝑝 and F𝑝,𝑞 , we consider the rounding mode called ‘‘round
o nearest (ties to even)’’. Roughly, we round 𝑥 ∈ R to a floating-point

number 𝑦 ∈ F that is closest to 𝑥, where ties are broken by choosing a
floating-point number that has 0 as the 𝑝th binary digit of its significand
(i.e., 𝑎𝑝 = 0 in Eq. (1)). Formally, the rounding of 𝑥 ∈ R in F is defined
as

⌈𝑥⌋F𝑝 ≜ arg min
𝑦∈F𝑝

|𝑥 − 𝑦|, ⌈𝑥⌋F𝑝,𝑞 ≜
⎧

⎪

⎨

⎪

⎩

arg min𝑦∈F𝑝,𝑞 |𝑥 − 𝑦| if 𝑥 ∈ (−𝛺′, 𝛺′),

+∞ if 𝑥 ∈ [𝛺′,∞),

−∞ if 𝑥 ∈ (−∞,−𝛺′],

where ties are broken as explained above and 𝛺′ = 𝛺+2𝑒𝑚𝑎𝑥−𝑝−1 (Boldo,
Jeannerod, Melquiond, & Muller, 2023, Chapter 2.1). If F is clear from
context, we use ⌈𝑥⌋ to denote ⌈𝑥⌋F. For 𝑥 ∈ F, we use 𝑥− ≜ sup𝑧∈F∶𝑧<𝑥 𝑧
and 𝑥+ ≜ inf𝑧∈F∶𝑧>𝑥 𝑧 if exist: e.g., 0+ and 0− do not exist in F𝑝. We note
that all network constructions in our results do not generate infinities
and NaN during all operations including intermediate ones.

We consider the following floating-point operations for F: 𝑎 ⊕F 𝑏 ≜
⌈𝑎 + 𝑏⌋F, 𝑎 ⊖F 𝑏 ≜ 𝑎 ⊕ (−𝑏), and 𝑎 ⊗F 𝑏 ≜ ⌈𝑎 × 𝑏⌋F. We use 𝑎 ⊕ 𝑏,
𝑎 ⊖ 𝑏, 𝑎 ⊗ 𝑏 to denote 𝑎 ⊕F 𝑏, 𝑎 ⊕F 𝑏, 𝑎 ⊗F 𝑏 if F is clear from
the context. Since the addition between floating-point numbers is not
associative, the ordering of a summation becomes important. We define
the summation operation ⨁ of a sequence of floating-point numbers
𝑥1, 𝑥2,… inductively as follows: for ⨁1

𝑖=1 𝑥𝑖 ≜ 𝑥1,

𝑛
⨁

𝑖=1
𝑥𝑖 ≜

( 𝑛−1
⨁

𝑖=1
𝑥𝑖

)

⊕ 𝑥𝑛.

For 𝑦, 𝑥1, 𝑥2,… ,∈ F, we also define the order of operation as

𝑦 ⊕
𝑛

⨁

𝑖=1
𝑥𝑖 ≜

(

𝑦 ⊕
𝑛−1
⨁

𝑖=1
𝑥𝑖

)

⊕ 𝑥𝑛,

and

𝑦 ⊖
𝑛

⨁

𝑥𝑖 ≜

(

𝑦 ⊖
𝑛−1
⨁

𝑥𝑖

)

⊖ 𝑥𝑛.
3

𝑖=1 𝑖=1
Using ⨁, we define an affine transformation under floating-point arith-
metic as follows: for 𝐱 = (𝑥1,… , 𝑥𝑛) ∈ F𝑛, 𝐰 = (𝑤1,… , 𝑤𝑘) ∈ F𝑘, and
 = {𝑖1,… , 𝑖𝑘} ⊂ [𝑛 + 1] with 𝑖1 < ⋯ < 𝑖𝑘,

affF(𝐱,𝐰,) ≜
𝑘

⨁

𝑗=1
(𝑤𝑗 ⊗ 𝑧𝑖𝑗 ),

where (𝑧1,… , 𝑧𝑛+1) = (𝑥1,… , 𝑥𝑛, 1).

2.4. Neural networks

Let F be a set of floating-point numbers, 𝐿 ∈ N be the number
of layers, 𝑁0 = 𝑑 and 𝑁𝐿 = 1 be the input and output dimen-
sions, 𝑁1,… , 𝑁𝐿−1 ∈ N be numbers of hidden neurons, and 𝑙,𝑖 =
{𝜄𝑙,𝑖,1,… , 𝜄𝑙,𝑖,|𝑙,𝑖|} ⊂ [𝑁𝑙−1 + 1] be a set of indices that characterizes the
affine map used for computing an input to the 𝑖th hidden neuron in the
layer 𝑙. Let 𝑁 =

∑𝐿−1
𝑖=1 𝑁𝑙 be the total number of hidden neurons and

𝐼 =
∑𝐿
𝑙=1

∑𝑁𝑙
𝑖=1 |𝑙,𝑖| be the total number of free parameters. Under this

setup, we define a neural network 𝑓𝜃, ( ⋅ ;F) ∶ F𝑑 → F parameterized
by 𝜃 ∈ F𝐼 with  ≜ (1,1,… ,1,𝑁𝑙 ,… ,𝐿,1,… ,1,𝑁𝐿 ) via the following
recursive relationship: for each 𝑙 ∈ [𝐿],

𝑓𝜃, (𝐱;F) ≜ 𝜙𝐿(𝐱;F),
𝜙𝑙(𝐱;F) ≜

(

𝜙𝑙,1(𝐱;F),… , 𝜙𝑙,𝑁𝑙 (𝐱;F)
)

,

𝜙𝑙,𝑖(𝐱;F) ≜ affF
(

𝜓𝑙−1(𝐱;F),𝐰𝑙,𝑖,𝑙,𝑖
)

=
|𝑙,𝑖|
⨁

𝑗=1
(𝑤𝑙,𝑖,𝑗 ⊗𝜓𝑙−1(𝐱;F)𝜄𝑙,𝑖,𝑗 ),

𝜓𝑙(𝐱;F) ≜
(

𝜎(𝜙𝑙,1(𝐱;F)),… , 𝜎(𝜙𝑙,𝑁𝑙 (𝐱;F))
)

, (2)

where 𝜓0(𝐱;F) ≜ 𝐱, 𝜎 ∶ F → F denotes a pointwise activation
function, and 𝜃 denote the concatenations of all 𝑤𝑙,𝑖,𝑘, i.e., 𝜃 ∈ F𝐼 . In
the definition of neural networks, we note that 𝜙𝑙,𝑖(𝐱;F) denotes the
mapping of the input 𝐱 to the feature of the 𝑖th neuron at the 𝑙th layer
before applying the activation function of the 𝑙th layer, and 𝜓𝑙,𝑖(𝐱;F)
denotes the mapping of the input 𝐱 to the feature of the 𝑖th neuron at
the 𝑙th layer after applying the activation function of the 𝑙th layer. See
Fig. 1 for an illustration of the neural network example.

The network defined in Eq. (2) has 𝐿 layers, 𝑁 (hidden) neurons,
and 𝐼 parameters, where each layer 𝑙 has ∑𝑁𝑙

𝑖=1 |𝑙,𝑖| free parameters.
Note that if 𝑙,𝑖 = [𝑁𝑙−1 + 1] for all 𝑙, 𝑖, then the network is fully-
connected. For notational simplicity, we often omit  and use 𝑓𝜃 . We
say a neural network 𝑓𝜃 is a 𝜎 network if 𝑓𝜃 uses 𝜎 as its activation
function in Eq. (2) for all layers 𝑙 ∈ [𝐿]. Note that within our network
architecture, every input, output, parameter of the network, and num-
ber occurring during the intermediate calculation is in F. Furthermore,
all operations performed adhere to floating-point arithmetic.

2.5. Memorization

For a set of floating-point numbers F,  ⊂ F𝑑 , and  ⊂ F, we say a
neural network 𝑓𝜃( ⋅ ;F) ∶ F𝑑 → F of 𝐼 parameters can memorize any set
of 𝑛 pairs in  ×  if for any {(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂  ×  with 𝐳𝑖 ≠ 𝐳𝑗
for all 𝑖 ≠ 𝑗, there exists a parameter configuration 𝜃 ∈ F𝐼 such that
𝑓𝜃(𝐳𝑖;F) = 𝑦𝑖 for all 𝑖 ∈ [𝑛].

2.6. Universal approximation

For a set of floating-point numbers F, a compact set  ⊂ R𝑑 , and
 ⊂ R, we say 𝜎 networks can universally approximate 𝐶( ,) under
F if for each 𝑓 ∗ ∈ 𝐶( ,) and 𝜀 > 0, there exists a 𝜎 network
𝑓𝜃( ⋅ ;F) ∶ F𝑑 → F such that

|𝑓𝜃(𝐱;F) − 𝑓 ∗(𝐱)| ≤ |𝑓 ∗(𝐱) − ⌈𝑓 ∗(𝐱)⌋F| + 𝜀,

for all 𝐱 ∈  ∩ F𝑑 . As we described in Section 1.1, the term |𝑓 ∗(𝐱)
−⌈𝑓 ∗(𝐱)⌋F| is an intrinsic error from the representation of floating-point

numbers; one cannot obtain a smaller error than this.
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Fig. 1. An illustration of a neural network is presented in Eq. (2). In this example, we set the parameters as follows: 𝑑 = 5, 𝐿 = 3, and 𝑁1 = 𝑁2 = 3.
3. Expressive power of neural networks under F𝒑

We are now ready to present our main results on the universal
approximation and memorization properties of neural networks under
floating-point inputs, parameters, and operations. In particular, we first
introduce our results for F𝑝 in Section 3, and then extend these results
to F𝑝,𝑞 in Section 4. We defer the proofs of all results in this section to
Section 5.

3.1. Step network results

To show our memorization and universal approximation results for
Step networks under F𝑝, we explicitly construct Step networks that can
memorize arbitrary 𝑛 pairs or universally approximate a target function.
Here, our Step network constructions consist of indicator functions
for 𝑑-dimensional cubes and affine transformations, where such multi-
dimensional indicator functions can be implemented by a single Step
network architecture as in the following lemma. The proof of Lemma 1
is presented in Section 5.2.

Lemma 1. For any 𝑝 ∈ N and 𝑑 ∈ [2𝑝], there exists a Step network
𝑓𝜃( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 3 layers and 6𝑑 + 2 parameters that satisfies the
following: for any 𝛼 = (𝛼1,… , 𝛼𝑑 ), 𝛽 = (𝛽1,… , 𝛽𝑑 ) ∈ F𝑑𝑝 with 𝛼𝑖 < 𝛽𝑖 for all
𝑖 ∈ [𝑑], there exists 𝜃𝛼,𝛽 ∈ F6𝑑+2

𝑝 such that

𝑓𝜃𝛼,𝛽 (𝐱;F𝑝) = 1

[

𝐱 ∈
𝑑
∏

𝑖=1
[𝛼𝑖, 𝛽𝑖]

]

,

for all 𝐱 ∈ [0, 1]𝑑 .

Lemma 1 shows that if the input dimension 𝑑 smaller than or equal
to 2𝑝, a three-layer Step network of 𝑂(1) parameters can represent any
indicator function for a 𝑑-dimensional cube under F𝑝. We note that the
parameter 𝜃𝛼,𝛽 of this network is a function of the cube 𝛱𝑑

𝑖=1[𝛼𝑖, 𝛽𝑖] in
the indicator function.
4

Using Lemma 1, we show the existence of a Step network 𝑓𝜃( ⋅ ;F𝑝) ∶
F𝑑𝑝 → F𝑝 such that for any  = {(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂ F𝑑𝑝 × F𝑝 with
𝐳𝑖 ≠ 𝐳𝑗 for all 𝑖 ≠ 𝑗, there exists 𝜃 satisfying

𝑓𝜃 (𝐱;F𝑝) =
𝑛
∑

𝑖=1
𝑦𝑖 ⊗ 1

[

𝐱 ∈
𝑑
∏

𝑗=1
[𝑧𝑖𝑗 , 𝑧𝑖𝑗 ]

]

.

Such a result is formally stated in the following theorem; its proof is
presented in Section 5.3.

Theorem 2. For any 𝑝 ∈ N and 𝑑 ∈ [2𝑝], there exists a Step network
𝑓𝜃( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 3 layers and 6𝑑𝑛 + 2𝑛 parameters satisfying the
following: for any  = {(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂ F𝑑𝑝 × F𝑝 with 𝐳𝑖 ≠ 𝐳𝑗 for all
𝑖 ≠ 𝑗, there exists 𝜃 such that

𝑓𝜃 (𝐳𝑖) = 𝑦𝑖, ∀𝑖 ∈ [𝑛].

Theorem 2 shows that even under floating-point operations, Step
networks can successfully memorize finite datasets represented by
floating-point numbers in F𝑝. Furthermore, it states that 𝑂(𝑛) parame-
ters are sufficient for Step networks to memorize arbitrary 𝑛 pairs under
F𝑝; this coincides with the real-valued parameters and exact operation
case (Baum, 1988; Huang & Babri, 1998; Vershynin, 2020; Yun et al.,
2019) that are known to be tight up to a logarithmic multiplicative
factor for networks of 𝑂(1) layers using piecewise linear activation
functions (Bartlett, Harvey, Liaw, & Mehrabian, 2019). Namely, the
required number of parameters for memorization under F𝑝 does not
decrease compared to existing results assuming real operations.

We next show that Step networks can universally approximate
𝐶([0, 1]𝑑 ,R) under F𝑝. See Section 5.5 for the proof of Theorem 3.

Theorem 3. For any 𝑝 ∈ N, 𝑑 ∈ [2𝑝], 𝑓 ∗ ∈ 𝐶([0, 1]𝑑 ,R), and 𝜀 > 0,
there exists a Step network 𝑓𝜃( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 3 layers and at most
(6𝑑 + 2)𝐾𝑑 parameters where 𝐾 = min{𝑘 ∈ N ∶ (𝜔−1

𝑓∗ (𝜀))
−1 ≤ 𝑘} such that

∗ ∗ ∗ 𝑑 𝑑

|𝑓𝜃(𝐱;F𝑝) − 𝑓 (𝑥)| ≤ |𝑓 (𝐱;F𝑝) − ⌈𝑓 (𝑥)⌋| + 𝜀, ∀𝐱 ∈ [0, 1] ∩ F𝑝 .
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Theorem 3 states that given a target continuous function 𝑓 ∗ ∶
[0, 1]𝑑 → R and 𝜀 > 0, 𝑂(𝜔−1

𝑓∗ (𝜀)
−𝑑 ) parameters are sufficient for

approximating 𝑓 ∗ in |𝑓 ∗(𝑥;F𝑝) − ⌈𝑓 ∗(𝑥)⌋| + 𝜀 error; this result easily
generalizes to an arbitrary compact domain in R𝑑 instead of [0, 1]𝑑 . The
number of parameters in the network in Theorem 3 is similar to existing
results under real-valued parameters and the exact operations for ReLU
networks of 𝑂(1) layers: (𝜔−1

𝑓∗ (𝛩(𝜀)))
−𝑑 parameters are necessary and

sufficient for approximation in 𝜀 error (Yarotsky, 2018).
The error bound in Theorem 3 contains an additional term

|𝑓 ∗(𝑥;F𝑝) − ⌈𝑓 ∗(𝑥)⌋| compared to the classical universal approximation
results. This term corresponds to an intrinsic error arising from the
floating-point representation; one cannot achieve a smaller error than
this. However, if the domain of the target function contains only finite
numbers in F𝑑𝑝 , then we can approximate this function in the intrinsic
error without an additional error term 𝜀 as in the following corollary
of our memorization result (Theorem 2). We also note that the domain
[0, 1]𝑑∩F𝑑𝑝 considered in Theorem 3 is an infinite set, and hence, cannot
directly apply this corollary.

Corollary 4. For any 𝑝 ∈ N, 𝑑 ∈ [2𝑝], a compact set  ⊂ R𝑑 such
that | ∩ F𝑑𝑝 | < ∞, 𝑓 ∗ ∈ 𝐶(,R), and 𝜀 > 0, there exists a Step network
𝑓 ( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 3 layers and 6𝑑| ∩ F𝑑𝑝 | + 2| ∩ F𝑑𝑝 | parameters
such that

|𝑓𝜃(𝐱;F𝑝) − 𝑓 ∗(𝐱)| = |𝑓 ∗(𝐱;F𝑝) − ⌈𝑓 ∗(𝐱)⌋|, ∀𝐱 ∈ [0, 1]𝑑 ∩ F𝑑𝑝 .

3.2. ReLU network results

We next analyze the expressive power of ReLU networks under F𝑝.
Given the Step network results, a naïve approach can be implementing
Step function using two ReLU activation functions. For example, for any
two consecutive numbers 𝑧− < 𝑧 in F𝑝,

1[𝑥 ≥ 𝑧] = ReLU
( 1
𝑧 − 𝑧−

(𝑥 − 𝑧−)
)

− ReLU
( 1
𝑧 − 𝑧−

(𝑥 − 𝑧)
)

, (3)

for all 𝑥 ∈ F𝑝 under exact operations. However, if we consider floating-
point operations in F𝑝, RHS in Eq. (3) does not represent the in-
dicator function anymore. For example, consider the indicator func-
tion 1[𝑥 ≥ 1], which can be exactly implemented under the exact
mathematical operations for all inputs 𝑥 ∈ F𝑝 by

𝑓 (𝑥;R) = ReLU
(

(𝑥 × 2𝑝) − (1 − 𝑢) × 2𝑝
)

− ReLU
(

(𝑥 × 2𝑝) − 2𝑝
)

,

where 𝑢 = 2−𝑝. Under operations in F𝑝, however, 𝑓 (𝑥;F𝑝) with the
following form cannot represent 1[𝑥 ≥ 1] for some 𝑥 ∈ F𝑝:

𝑓 (𝑥;F𝑝) = ReLU
(

(𝑥 × 2𝑝)⊖ ((1 − 𝑢) × 2𝑝)
)

⊖ ReLU
(

(𝑥 × 2𝑝)⊖ 2𝑝
)

.

Specifically, the output values of 𝑓 (𝑥;F𝑝) can be exactly characterized
as follows: for 𝑥 ∈ F𝑝,

𝑓 (𝑥;F𝑝) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 if 𝑥 < 1,
1 if 1 ≤ 𝑥 < 1.1 × 21,
1 + (−1)𝑛𝑥+1 if 1.1 × 21 ≤ 𝑥 < 1.01 × 22,
0 if 𝑥 ≥ 1.01 × 22,

(4)

where 𝑛𝑥 = (𝑥 − 1.1 × 21) × 2𝑝−1 ∈ N for 1.1 × 21 ≤ 𝑥 < 1.01 × 22.
Here, one can observe that 𝑓 (𝑥;F𝑝) becomes 0 for 𝑥 ≥ 1.01 × 22;
for 1.1 × 21 ≤ 𝑥 < 1.01 × 22, it oscillates between 0 and 2. Hence,
unlike the exact operation case, deriving the ReLU network results from
Step network results is non-trivial under floating-point operations. We
present the formal derivation of Eq. (4) in Section 5.4.

Nevertheless, we observe that Eq. (3) under F𝑝 behaves like an
indicator function for 𝑥 close to 𝑧. Using this property, we implement
an indicator function as follows: using a ReLU network, we first map
an input 𝑥 to 𝑥′ in some local neighborhood of 𝑧 such that 𝑥′ ≥ 𝑧 if
and only if 𝑥 ≥ 𝑧; we then apply Eq. (3) to 𝑥′. This construction of an
5

indicator function via ReLU networks enables us to show memorization d
and universal approximation properties of ReLU networks as in the
following theorems. The proofs of Theorems 5 and 6 are presented in
Sections 5.6 and 5.7, respectively.

Theorem 5. For any 𝑝 ∈ N and 𝑑 ∈ [2𝑝], there exists a ReLU network
𝑓𝜃( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 4 layers and 20𝑑𝑛 + 2𝑛 parameters satisfying the
following: for any  = {(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂ F𝑑𝑝 × F𝑝 with 𝐳𝑖 ≠ 𝐳𝑗 for all
𝑖 ≠ 𝑗, there exists 𝜃 such that

𝑓𝜃 (𝐳𝑖) = 𝑦𝑖, ∀𝑖 ∈ [𝑛].

Theorem 6. For any 𝑝 ∈ N, 𝑑 ∈ [2𝑝], 𝑓 ∗ ∈ 𝐶([0, 1]𝑑 ,R), and 𝜀 > 0,
there exists a Step network 𝑓 ( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 4 layers and (20𝑑+2)𝐾𝑑

parameters where 𝐾 = min{𝑘 ∈ N ∶ (𝜔−1
𝑓∗ (𝜀))

−1 ≤ 𝑘} such that

|𝑓𝜃(𝑥;F𝑝) − 𝑓 ∗(𝑥)| ≤ |𝑓 ∗(𝑥;F𝑝) − ⌈𝑓 ∗(𝑥)⌋| + 𝜀.

We note that the numbers of parameters in networks in Theorems 5
and 6 coincide with that of Step network results (Theorems 2 and 3)
up to constant multiplicative factors, i.e., they also correspond to the
necessary and sufficient number of parameters in classical results under
exact operations. Further, the following analogue of Corollary 4 also
holds for ReLU networks.

Corollary 7. For any 𝑝 ∈ N, 𝑑 ∈ [2𝑝], a compact set  ⊂ R𝑑 such that
| ∩ F𝑑𝑝 | < ∞, 𝑓 ∗ ∈ 𝐶(,R), and 𝜀 > 0, there exists a ReLU network
𝑓 ( ⋅ ;F𝑝) ∶ F𝑑𝑝 → F𝑝 of 4 layers and 20𝑑| ∩ F𝑑𝑝 | + 2| ∩ F𝑑𝑝 | parameters
uch that

𝑓𝜃(𝐱;F𝑝) − 𝑓 ∗(𝐱)| = |𝑓 ∗(𝐱;F𝑝) − ⌈𝑓 ∗(𝐱)⌋|, ∀𝐱 ∈ [0, 1]𝑑 ∩ F𝑑𝑝 .

4. Expressive power of neural networks under F𝒑,𝒒

We now consider a more practical setup: when all computations are
done in F𝑝,𝑞 (i.e., the set of floating-point numbers with 𝑝-bit significand
and 𝑞-bit exponent), where 𝑝, 𝑞 ∈ N satisfy 𝑞 ≥ 5 and 4 ≤ 𝑝 ≤ 2𝑞−2 + 2.
As noted in Section 2.2, this class of F𝑝,𝑞 covers many popular floating-
point formats such as those defined in the IEEE 754 standard (IEEE
Computer Society, 2019) and bfloat16 (Abadi et al., 2016). Specifically,
we demonstrate that Step networks and ReLU networks under F𝑝,𝑞 also
exhibit the memorization and universal approximation properties with
the same number of parameters as in the F𝑝 case. The proofs of all
results in this section are presented in Section 6.

4.1. Step network results

For Step networks, we can prove similar results as in the F𝑝 case;
e construct an indicator function for a high-dimensional cube and
erive the following memorization and universal approximation results.
amely, Step networks are expressive under realistic floating-point op-
rations. The proofs of Theorems 8 and 9 are presented in Sections 6.3
nd 6.4, respectively.

heorem 8. For any 𝑑 ∈ [2𝑝], there exists a Step network 𝑓𝜃( ⋅ ;F𝑝,𝑞) ∶
𝑑
𝑝,𝑞 → F𝑝,𝑞 of 3 layers and 6𝑑𝑛+2𝑛 parameters satisfying the following: for
ny  = {(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂ F𝑑𝑝,𝑞 × F𝑝,𝑞 with 𝐳𝑖 ≠ 𝐳𝑗 for all 𝑖 ≠ 𝑗, there
xists 𝜃 such that

𝜃 (𝐳𝑖) = 𝑦𝑖, ∀𝑖 ∈ [𝑛].

heorem 9. For any 𝑑 ∈ [2𝑝], 𝑓 ∗ ∈ 𝐶([0, 1]𝑑 ,R), and 𝜀 ≥ 0, there exists
Step network 𝑓 ( ⋅ ;F𝑝,𝑞) ∶ F𝑑𝑝,𝑞 → F𝑝,𝑞 of 3 layers and at most (6𝑑 + 2)𝐾𝑑

arameters where 𝐾 = min{𝑘 ∈ N ∶ 𝛿−1 ≤ 𝑘}, 𝛿 = max{𝜂, 𝜔−1
𝑓∗ (𝜀)} such

hat

𝑓𝜃(𝐱;F𝑝,𝑞) − 𝑓 ∗(𝑥)| ≤ |𝑓 ∗(𝐱;F𝑝,𝑞) − ⌈𝑓 ∗(𝑥)⌋| + 𝜀, ∀𝐱 ∈ [0, 1]𝑑 ∩ F𝑑𝑝,𝑞 .

ere, 𝜂 ≜ 2−𝑝+𝑒𝑚𝑖𝑛 denotes the smallest positive floating-point number as we

efined in Section 2.2.
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Unlike Theorem 3 under F𝑝, we allow 𝜀 = 0 in Theorem 9. This is
because [0, 1]𝑑 ∩ F𝑑𝑝,𝑞 is always finite, and hence, we can achieve 𝜀 = 0
using the memorization result (Theorem 8) with a finite number of
parameters as in Corollary 4. We note that the number of parameters
in Theorems 8 and 9 coincide with results under F𝑝 up to a constant
multiplicative factor.

4.2. ReLU network results

While Step network results for F𝑝,𝑞 (Theorems 8 and 9) can be shown
s in the F𝑝 case, ReLU network results do not naturally follow from F𝑝

to F𝑝,𝑞 due to the overflow (and underflow) in F𝑝,𝑞 . For example, recall
Eq. (3)

1[𝑥 ≥ 𝑧] = ReLU
( 1
𝑧 − 𝑧−

(𝑥 − 𝑧−)
)

− ReLU
( 1
𝑧 − 𝑧−

(𝑥 − 𝑧)
)

,

and consider operations under F𝑝,𝑞 . If 𝑧 is small enough (e.g., 𝑧 = 2𝑒𝑚𝑖𝑛 )
and 𝑥 is large enough (e.g., 𝑥 = 2𝑒𝑚𝑎𝑥 ). Then, the computation of

1
𝑧−𝑧− (𝑥 − 𝑧−) under F𝑝,𝑞 can incur an overflow. However, by carefully
nalyzing floating-point operations, we can implement the indicator
unction using a ReLU network of 𝑂(1) parameters (see Lemma 27);

using this we can also show that memorization and universal approxi-
mation are possible under F𝑝,𝑞 . We present the proofs of Theorems 10
nd 11 in Sections 6.5 and 6.6, respectively.

heorem 10. For any 𝑑 ∈ [2𝑝] and for 𝜅 = (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 ,
there exists a ReLU network 𝑓𝜃( ⋅ ;F𝑝,𝑞) ∶ (F𝑝,𝑞 ∩ [−𝜅, 𝜅])𝑑 → F𝑝,𝑞 of 4
layers and 20𝑑𝑛 + 5𝑛 parameters satisfying the following: for any  =
{(𝐳1, 𝑦1),… , (𝐳𝑛, 𝑦𝑛)} ⊂ (F𝑝,𝑞 ∩ [−𝜅, 𝜅])𝑑 × F𝑝,𝑞 with 𝐳𝑖 ≠ 𝐳𝑗 for all 𝑖 ≠ 𝑗,
there exists 𝜃 such that

𝑓𝜃 (𝐳𝑖) = 𝑦𝑖, ∀𝑖 ∈ [𝑛].

Furthermore, computing 𝑓𝜃(𝐱;F𝑝,𝑞) does not incur overflow for all 𝐱 ∈ F𝑑𝑝,𝑞
satisfying ‖𝐱‖∞ ≤ (2 − 𝑢) × 2−3+2𝑞−2 .

Theorem 11. For any 𝑑 ∈ [2𝑝], 𝑓 ∗ ∈ 𝐶([0, 1]𝑑 ,R), and 𝜀 ≥ 0, there exists
a ReLU network 𝑓 ( ⋅ ;F𝑝,𝑞) ∶ F𝑑𝑝,𝑞 → F𝑝,𝑞 of 4 layers and at most (20𝑑+2)𝐾𝑑

parameters where 𝐾 = min{𝑘 ∈ N ∶ 𝛿−1 ≤ 𝑘}, 𝛿 = max{𝜂, 𝜔−1
𝑓∗ (𝜀)} such

that

|𝑓 (𝐱;F𝑝,𝑞) − 𝑓 ∗(𝐱)| ≤ |𝑓 ∗(𝐱;F𝑝,𝑞) − ⌈𝑓 ∗(𝑥)⌋| + 𝜀, ∀𝐱 ∈ [0, 1]𝑑 ∩ F𝑑𝑝,𝑞 .

Here, 𝜂 ≜ 2−𝑝+𝑒𝑚𝑖𝑛 denotes the smallest positive floating-point number as we
defined in Section 2.2.

In Theorem 10, the supremum norm of an input to memorize
is bounded by 𝜅 = (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 ; we use this condition to
bypass the overflow during intermediate computations in our network
construction.

Remark 12. To check whether the condition in Theorem 10 can be
satisfied in practice, we evaluate the 𝐵𝑥 ≜ (2 − 𝑢) × 2−3+2𝑞−2 and
𝜅 ≜ (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 for popular floating-point formats including
IEEE 754 formats and bfloat16. For the 16-bit half-precision format,
we have 𝐵𝑥 = 63.969 and 𝜅 = 15.992. For the 32-bit single-precision
format, we have 𝐵𝑥 = 4.6117 × 1018 and 𝜅 = 1.01141 × 1031. For
the 64-bit double-precision format, we have 𝐵𝑥 = 3.3520 × 10153 and
𝜅 = 9.9980×10291. For the 128-bit quadruple-precision format, we have
𝐵𝑥 = 1.3634 × 102465 and 𝜅 = 2.8642 × 104897. For the bfloat16 format,
we have 𝐵𝑥 = 4.5938 × 1018 and 𝜅 = 6.6202 × 1035. This implies that the
condition in Theorem 10 can be often satisfied in many floating-point
number formats and inputs except for half-precision. In the 16-bit half-
precision format, we need to carefully bound the input data to have
the universal approximation property using Theorem 10. On the other
hand, bfloat16 format has larger 𝐵𝑥 and 𝜅, i.e., bfloat16 can be better
6

than the half-precision format in terms of the universal approximation.
In Theorem 11, we also allow 𝜀 = 0 as in Theorem 9. As in
our previous results, Theorems 10 and 11 use 𝑂(𝑛) parameters and
𝑂((𝜔−1

𝑓∗ (𝜀))
−1) parameters, respectively.

5. Proofs of results under F𝒑

5.1. Technical lemmas

We present several technical lemmas regarding the computation of
operations in F𝑝. Lemma 13 is the well-known Sterbenz’s lemma (Ster-
benz, 1973, Theorem 4.3.1) (also in Muller, Brunie, de Dinechin, Jean-
nerod, Joldes, Lefevre, Melquiond, Revol, and Torres (2018, Lemma
4.1)). In particular, Lemmas 14–17 have F𝑝,𝑞 versions analogous in
Section 6.

For 𝑥 ∈ F𝑝, we represent 𝑥 as

𝑥 = 𝑠𝑥 × 𝑎𝑥 × 2𝑒𝑥 , 𝑠𝑥 ∈ {−1, 1}, 𝑎𝑥 = 1.𝑥1 ⋯ 𝑥𝑝.

For 𝑥 ∈ F𝑝, we define 𝜇(𝑥) as

𝜇(𝑥) ≜ inf{𝑚 ∈ Z ∶ 𝑥 × 2−𝑚 ∈ Z}.

Note that if 𝑥 ≠ 0, we can represent 𝑥 as

𝑥 = (𝑛𝑥 × 2−𝑒𝑥+𝜇(𝑥)) × 2e𝑥 , (5)

for 𝑛𝑥 = 𝑥 × 2−𝜇(𝑥) ∈ N with 2𝑒𝑥−𝜇(𝑥) ≤ 𝑛𝑥 < 21+𝑒𝑥−𝜇(𝑥).
For 𝑥 ∈ R, we define the ceiling function ⌈𝑥⌉Z as

⌈𝑥⌉Z = min{𝑛 ∈ Z ∶ 𝑛 ≥ 𝑥}.

We now formally introduce the statements of technical lemmas used
for proving our results under F𝑝.

Lemma 13 (Sterbenz’s Lemma). Let 𝑥, 𝑦 ∈ F𝑝. If 0 ≤ 𝑦∕2 ≤ 𝑥 ≤ 𝑦, then
𝑥 ⊖ 𝑦 and 𝑦 ⊖ 𝑥 are exact.

Lemma 14. Let 𝑥 = 𝑛 × 2𝑚 for some 𝑛 ∈ N, 𝑚 ∈ Z. If 0 < 𝑛 < 21+𝑝, then
𝑥 is representable by F𝑝.

Proof. Since 0 ≤ 𝑛 < 21+𝑝, there exists 𝑐0 ∈ {0} ∪ [𝑝] such that
2𝑝−𝑐0 ≤ 𝑛 < 21+𝑝−𝑐0 . Note that 𝑥 has the following representation in
F𝑝,

𝑥 = (𝑛 × 2−𝑝+𝑐0 ) × 2𝑝−𝑐0+𝑚, 1 ≤ 𝑛 × 2−𝑝+𝑐0 < 2.

Then we express 𝑛 × 2−𝑝+𝑐0 as

𝑛 × 2−𝑝+𝑐0 = 1. 𝑤1 ⋯𝑤𝑝−𝑐0
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝑝−𝑐0 times

,

for some 𝑤1,… , 𝑤𝑝−𝑐0 ∈ {0, 1}. Therefore 𝑥 is representable by F𝑝. □

Lemma 15. Let 𝑥, 𝑦 ∈ F𝑝 and 𝑠𝑥 = 𝑠𝑦 and 𝑒𝑥 ≤ 𝑒𝑦. If 𝜇(𝑥) ≥ 𝑒𝑦 − 𝑝,
then 𝑥 ⊖ 𝑦 and 𝑦 ⊖ 𝑥 are exact. In addition, if |𝑥 + 𝑦| ≤ 21+𝑒𝑦 , then 𝑥 ⊕ 𝑦
is exact.

Proof. Let 𝑘 ≜ 𝜇(𝑥)−𝑒𝑦+𝑝 ≥ 0. As described in Eq. (5), we can represent
𝑥 and 𝑦 as

𝑥 = (𝑛𝑥 × 2−𝑒𝑥+𝜇(𝑥)) × 2𝑒𝑥 = 𝑛𝑥 × 2𝜇(𝑥), 2𝑒𝑥−𝜇(𝑥) ≤ 𝑛𝑥 < 21+𝑒𝑥−𝜇(𝑥),

𝑦 = (𝑛𝑦 × 2−𝑝+𝑐𝑦 ) × 2𝑒𝑦 = 𝑛𝑦 × 2−𝑝+𝑒𝑦 , 2𝑝−𝑐𝑦 ≤ 𝑛𝑦 < 21+𝑝,

for some 𝑛𝑥, 𝑛𝑦 ∈ N. Since 𝑘 ≥ 0, we have

𝑥 = (2𝑘𝑛𝑥) × 2−𝑝+𝑒𝑦 , 2𝑝−(𝑒𝑦−𝑒𝑥+𝑐𝑦) ≤ 2𝑘𝑛𝑥 < 21+𝑝−(𝑒𝑦−𝑒𝑥).

Therefore for 𝑛′ = 𝑛𝑦 − 2𝑘𝑛𝑥 ∈ N, we have

𝑦 − 𝑥 = 𝑛′ × 2−𝑝+𝑒𝑦 , 2𝑝 − 21+𝑝−(𝑒𝑦−𝑒𝑥) < 𝑛′ < 21+𝑝 − 2𝑝−(𝑒𝑦−𝑒𝑥),

which leads to
𝑝 ′ 𝑝+1
−2 < 𝑛 < 2 − 1.
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Since |𝑛′| = 0 or |𝑛′| < 21+𝑝 − 1, by Lemma 14, 𝑦 − 𝑥 = 𝑛′ × 2−𝑝+𝑒𝑦 is
representable by F𝑝. This ensures that 𝑦 ⊖ 𝑥 is exact.

Now suppose |𝑥 + 𝑦| ≤ 21+𝑒𝑦 . Then for 𝑛′′ = 𝑛𝑥 + 𝑛𝑦 ∈ N, we have

+ 𝑦 = 𝑛′′ × 2−𝑝+𝑒𝑦 , 2𝑝−(𝑒𝑦−𝑒𝑥) + 2𝑝 ≤ 𝑛′′ < 21+𝑝−(𝑒𝑦−𝑒𝑥) + 21+𝑝.

Since |𝑥 + 𝑦| ≤ 21+𝑒𝑦 , we have 𝑛′′ ≤ 21+𝑝. If |𝑛′′| = 0 or |𝑛′′| < 21+𝑝, by
emma 14, 𝑥 + 𝑦 = 𝑛′′ × 2−𝑝+𝑒𝑦 is representable by F𝑝. If |𝑛′′| = 21+𝑝,
+ 𝑦 = 21+𝑒𝑦 is obviously representable by F𝑝. Therefore, 𝑥 ⊕ 𝑦 is

xact. □

emma 16. In F𝑝, if 𝑥, 𝑦 ∈ [21+𝑝], 𝑥⊖𝑦 and 𝑦⊖𝑥 are exact. In addition
f 𝑥, 𝑦 ∈ [2𝑝], then 𝑥 ⊕ 𝑦 is exact.

roof. Without loss of generality, suppose 𝑥 ≤ 𝑦 for 𝑥, 𝑦 ∈ [21+𝑝]. Since
− 𝑥 < 21+𝑝, 𝑦 − 𝑥 is representable by F𝑝 by Lemma 14, ensuring that
⊖ 𝑦 and 𝑦 ⊖ 𝑥 are exact.

In addition, suppose 𝑥, 𝑦 ∈ [2𝑝] and 𝑥 ≤ 𝑦. Since 𝜇(𝑥) ≥ 0 and
𝑦 ≤ 𝑝, we have 𝜇(𝑥) ≥ −𝑝 + 𝑒𝑦. Since |𝑥 + 𝑦| < 21+𝑝, 𝑥 ⊕ 𝑦 is exact
y Lemma 15. □

emma 17. Let 𝑥, 𝑦 ∈ F𝑝 and 𝑒𝑥 ≤ 𝑒𝑦. If 𝜇(𝑥) ≤ 𝑒𝑦 − 𝑝 − 2, then
⊕ 𝑥 = 𝑦 ⊕ 𝑥 = 𝑦.

roof. Since |𝑥| ≤ 2−2−𝑝+𝑒𝑦 , we have ⌈𝑥 + 𝑦⌋ = ⌈−𝑥 + 𝑦⌋ = 𝑦. □

emma 18. For any 𝑑, 𝑝 ∈ N, let 𝛼1, 𝛽1,… , 𝛼𝑑 , 𝛽𝑑 ∈ F𝑝 such that 𝛼𝑖 ≤ 𝛽𝑖
or all 𝑖 ∈ [𝑑]. Then, for any sequence (𝐱𝑖)𝑖∈N in ([𝛼1, 𝛽1]×⋯×[𝛼𝑑 , 𝛽𝑑 ])∩F𝑑𝑝 ,
here exists a subsequence of (𝐱𝑖)𝑖∈N that converges to some 𝐳∗ ∈ ([𝛼1, 𝛽1] ×
× [𝛼𝑑 , 𝛽𝑑 ]) ∩ F𝑑𝑝 .

roof. Let  = [𝛼1, 𝛽1] ×⋯× [𝛼𝑑 , 𝛽𝑑 ]. Since  is compact, there exists a
convergent subsequence (𝐳𝑖)𝑖∈N of (𝐱𝑖)𝑖∈N and (𝐳𝑖)𝑖∈N converges to some
point, say 𝐳∗ = (𝑧∗1 ,… , 𝑧∗𝑑 ), in . However, if 𝑧∗𝑗 ∉ F𝑝 for some 𝑗 ∈ [𝑑],
hen inf𝑦∈F𝑝 |𝑧

∗
𝑗 − 𝑦| > 0 by the definition of F𝑝, i.e., 𝐳1, 𝐳2,⋯ ∈ F𝑑𝑝

annot converge to 𝐱∗. Hence, 𝐳∗ ∈  ∩ F𝑑𝑝 and this completes the
roof. □

emma 19. For any 𝑑, 𝑝 ∈ N, let 𝛼1, 𝛽1,… , 𝛼𝑑 , 𝛽𝑑 ∈ F𝑝 such that 𝛼𝑖 ≤ 𝛽𝑖
or all 𝑖 ∈ [𝑑]. Then, for any continuous function 𝑓 ∶ [𝛼1, 𝛽1]×⋯×[𝛼𝑑 , 𝛽𝑑 ] →
, there exists 𝐱∗ ∈ ([𝛼1, 𝛽1] ×⋯ × [𝛼𝑑 , 𝛽𝑑 ]) ∩ F𝑑𝑝 such that

𝑓 (𝐱∗) − ⌈𝑓 (𝐱∗)⌋| = inf
𝐱∈([𝛼1 ,𝛽1]×⋯×[𝛼𝑑 ,𝛽𝑑 ])∩F𝑑𝑝

|𝑓 (𝐱) − ⌈𝑓 (𝐱)⌋|.

roof. Let  = ([𝛼1, 𝛽1] ×⋯× [𝛼𝑑 , 𝛽𝑑 ]) ∩F𝑑𝑝 . Suppose for a contradiction
hat such 𝐱∗ does not exist, i.e., there is no 𝐱 ∈  such that 𝑓 (𝐱) ∈ F𝑝.
hen, there exists a sequence (𝐱𝑖)𝑖∈N in  such that (|𝑓 (𝐱𝑖) − ⌈𝑓 (𝐱𝑖)⌋|)𝑖∈N

s strictly decreasing and

𝑓 (𝐱𝑖) − ⌈𝑓 (𝐱𝑖)⌋| → inf
𝐱∈

|𝑓 (𝐱) − ⌈𝑓 (𝐱)⌋|, (6)

s 𝑖 → ∞. By Lemma 18, there exists a subsequence (𝐳𝑖)𝑖∈N of (𝐱𝑖)𝑖∈N
hat converges to some point 𝐳∗ ∈ . Since 𝑓 (𝐳∗) ∉ F𝑝, by the definition
f F𝑝, we have

(𝐳∗)(≤,F𝑝) < 𝑓 (𝐳∗) < 𝑓 (𝐳∗)(≥,F𝑝).

Let 𝜀 = min{𝑓 (𝐳∗) − 𝑓 (𝐳∗)(≤,F𝑝), 𝑓 (𝐳∗)(≥,F𝑝) − 𝑓 (𝐳∗)}. We consider two
ases to show the contradiction: 𝜀 = (𝑓 (𝐳∗)(≥,F𝑝) − 𝑓 (𝐳∗)(≤,F𝑝))∕2 and
≠ (𝑓 (𝐳∗)(≥,F𝑝) − 𝑓 (𝐳∗)(≤,F𝑝))∕2. Suppose 𝜀 = (𝑓 (𝐳∗)(≥,F𝑝) − 𝑓 (𝐳∗)(≤,F𝑝))∕2,

i.e., 𝑓 (𝐳∗) = (𝑓 (𝐳∗)(≥,F𝑝) + 𝑓 (𝐳∗)(≤,F𝑝))∕2. Let (𝐲𝑖)𝑖∈N be a subsequence of
(𝐳𝑖)𝑖∈N such that |𝑓 (𝐳∗) − 𝑓 (𝐲𝑖)| ≤ 𝜀 for all 𝑖 ∈ N and (|𝑓 (𝐳∗) − 𝑓 (𝐲𝑖)|)𝑖∈N
is strictly decreasing; such a subsequence always exist due to the
continuity of 𝑓 and our choice of (𝐳𝑖)𝑖∈N. Then, one can observe
that (|𝑓 (𝐲𝑖) − ⌈𝑓 (𝐲𝑖)⌋|)𝑖∈N is monotonically increasing as ⌈𝑓 (𝐲𝑖)⌋ ∈
{𝑓 (𝐳∗)(≤,F𝑝), 𝑓 (𝐳∗)(≥,F𝑝)} and 𝑓 (𝐲𝑖) → 𝑓 (𝐳∗) = (𝑓 (𝐳∗)(≤,F𝑝) + 𝑓 (𝐳∗)(≥,F𝑝))∕2.
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Namely, (|𝑓 (𝐲𝑖) − ⌈𝑓 (𝐲𝑖)⌋|)𝑖∈N is not strictly decreasing although (𝐲𝑖)𝑖∈N
is a subsequence of (𝐱𝑖)𝑖∈N. This contradicts the assumption that
(|𝑓 (𝐱𝑖) − ⌈𝑓 (𝐱𝑖)⌋|)𝑖∈N is strictly decreasing.

We now consider the case that 𝜀 ≠ (𝑓 (𝐳∗)(≥,F𝑝) − 𝑓 (𝐳∗)(≤,F𝑝))∕2.
Without loss of generality, suppose 𝑓 (𝐳∗) − 𝑓 (𝐳∗)(≤,F𝑝) < 𝑓 (𝐳∗)(≥,F𝑝) −
𝑓 (𝐳∗). Let

𝛿 =
𝑓 (𝐳∗)(≥,F𝑝) − 𝑓 (𝐳∗)(≤,F𝑝)

2
− 𝜀 =

𝑓 (𝐳∗)(≥,F𝑝) + 𝑓 (𝐳∗)(≤,F𝑝)

2
− 𝑓 (𝐳∗) > 0,

and choose a subsequence (𝐲′𝑖 )𝑖∈N of (𝐳𝑖)𝑖∈N such that |𝑓 (𝐳∗) − 𝑓 (𝐲′𝑖 )| <
𝛿 for all 𝑖 ∈ N and (|𝑓 (𝐳∗) − 𝑓 (𝐲′𝑖 )|)𝑖∈N is strictly decreasing. Then,
since 𝑓 (𝐳∗) and 𝑓 (𝐲′𝑖 ) are closer to 𝑓 (𝐳∗)(≤,F𝑝) than 𝑓 (𝐳∗)(≥,F𝑝), we have
⌈𝑓 (𝐳∗)⌋ = ⌈𝑓 (𝐲′𝑖 )⌋ = 𝑓 (𝐳∗)(≤,F𝑝). Namely, we must have 𝑓 (𝐲′𝑖 ) ≥ 𝑓 (𝐳∗) for
ll 𝑖 ∈ N to have strictly decreasing (|𝑓 (𝐲′𝑖 ) − ⌈𝑓 (𝐲𝑖)⌋|)𝑖∈N. However, this
mplies that

𝑓 (𝐲′𝑖 ) − ⌈𝑓 (𝐲𝑖)⌋| ≥ |𝑓 (𝐳∗) − ⌈𝑓 (𝐳∗)⌋|,

or all 𝑖 ∈ N, which implies

𝑓 (𝐳∗) − ⌈𝑓 (𝐳∗)⌋| = inf
𝐱∈

|𝑓 (𝐱) − ⌈𝑓 (𝐱)⌋|,

from our choice of (𝐱𝑖)𝑖∈N and Eq. (6). This contradicts the assumption
that 𝐱∗ in the statement of the lemma does not exist and completes the
proof. □

Lemma 20. There exist ReLU networks 𝜓𝜃( ⋅ ;F𝑝) ∶ F𝑝 → F𝑝 of 3 layers
and 5 parameters that satisfies the following: for any 𝑧 ∈ F𝑝 ⧵ {0}, there
exist 𝜃1,1,𝑧, 𝜃1,2,𝑧, 𝜃2,1,𝑧, 𝜃2,2,𝑧 ∈ F5

𝑝 such that for any 𝑥 ∈ F𝑝,

𝜓𝜃1,1,𝑧 (𝑥;F𝑝)⊕𝜓𝜃1,2,𝑧 (𝑥;F𝑝) = 1[𝑥 ≥ 𝑧] ,

𝜓𝜃2,1,𝑧 (𝑥;F𝑝)⊕𝜓𝜃2,2,𝑧 (𝑥;F𝑝) = 1[𝑥 ≤ 𝑧] .

In addition, 𝜓𝜃𝑖,1,𝑧 (𝑥;F𝑝),−𝜓𝜃𝑖,2,𝑧 (𝑥;F𝑝) ∈ {0} ∪ [2𝑝] for all 𝑖 ∈ {1, 2}.

Proof. We first consider 𝑧 > 0. To construct 1[𝑥 ≥ 𝑧], we define a
three-layer ReLU network 𝑓1(𝑥;F𝑝) as follows:

𝑓1(𝑥;F𝑝) = 𝜓𝜃1,1,𝑧 (𝑥;F𝑝)⊕𝜓𝜃1,2,𝑧 (𝑥;F𝑝),

𝜓𝜃1,1,𝑧 (𝑥;F𝑝) = 𝜙𝜃1,1,𝑧 (𝑥;F𝑝), 𝜓𝜃1,2,𝑧 (𝑥;F𝑝) = 𝜙𝜃1,2,𝑧 (𝑥;F𝑝),

𝜙𝜃1,1,𝑧 (𝑥;F𝑝) = 2𝑐 ⊗ ReLU
(

(−2𝑝−𝑒𝑧 ⊗ 𝑔(𝑥))⊕ (2 − 𝑎𝑧 − 𝑢̃) × 2𝑝
)

,

𝜙𝜃1,2,𝑧 (𝑥;F𝑝) = −2𝑐 ⊗ ReLU
(

(−2𝑝−𝑒𝑧 ⊗ 𝑔(𝑥))⊕ (2 − 𝑎𝑧 − 𝑢) × 2𝑝
)

,

where

𝑔(𝑥) = ReLU(−𝑥 ⊕ (2 − 𝑢) × 2𝑒𝑧 ),

𝑢̃ =

{

0 if 𝑎𝑧 ≠ 1,
2−1−𝑝 if 𝑎𝑧 = 1,

𝑐 =

{

0 if 𝑎𝑧 ≠ 1,
1 if 𝑎𝑧 = 1.

Note that 𝑧− = (𝑎𝑧 − 𝑢 + 𝑢̃) × 2𝑒𝑧 .
If (2 − 𝑢) × 2−1+𝑒𝑧 ≤ 𝑥 ≤ (2 − 2𝑢) × 2𝑒𝑧 , then −𝑥⊕ (2 − 𝑢) × 2𝑒𝑧 is exact

by Lemma 13. Therefore, we have

𝑔(𝑥)

⎧

⎪

⎨

⎪

⎩

≥ (2 − 𝑢) × 2−1+𝑒𝑧 if 𝑥 ≤ (2 − 2𝑢) × 2−1+𝑒𝑧 ,
= −𝑥 + (2 − 𝑢) × 2𝑒𝑧 if (2 − 𝑢) × 2−1+𝑒𝑧 ≤ 𝑥 ≤ (2 − 2𝑢) × 2𝑒𝑧 ,
= 0 if 𝑥 ≥ (2 − 𝑢) × 2𝑒𝑧 .

If 𝑥 ≤ (2 − 2𝑢) × 2−1+𝑒𝑧 , since we have

(2 − 𝑎𝑧 − 𝑢̃) ≤ (1 − 2−1−𝑝) = (2 − 𝑢) × 2−1,

and

(−2𝑝−𝑒𝑧 ⊗ 𝑔(𝑥)) ≤ (−2𝑝−𝑒𝑧 × (2 − 𝑢) × 2−1+𝑒𝑧 )

= −(2 − 𝑢) × 2−1+𝑝 ≤ −(2 − 𝑎𝑧 − 𝑢̃) × 2𝑝,

it holds that 𝜙𝜃1,1,𝑧 (𝑥;F𝑝) = 𝜙𝜃1,2,𝑧 (𝑥;F𝑝) = 0.
If (2 − 𝑢) × 2−1+𝑒𝑧 ≤ 𝑥 ≤ (2 − 2𝑢) × 2𝑒𝑧 , we have 2𝑝−𝑒𝑧 ⊗ 𝑔(𝑥) =

𝑛 , where 𝑛 = 1, 2,… , 2𝑝 − 1, leading 2𝑝−𝑒𝑧 ⊗ 𝑔(𝑥) ∈ [2𝑝]. Since
1 1
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(2 − 𝑎𝑧 − 𝑢̃) × 2𝑝, (2 − 𝑎𝑧 − 𝑢) × 2𝑝 ∈ [2𝑝], by Lemma 16, all operations in
𝜃1,1,𝑧 (𝑥;F𝑝) and 𝜙𝜃1,2,𝑧 (𝑥;F𝑝) are exact. Hence

𝜃1,1,𝑧 (𝑥;F𝑝) = 2𝑐 × ReLU(2𝑝−𝑒𝑧𝑥 − (𝑎𝑧 − 𝑢 + 𝑢̃) × 2𝑝),

𝜙𝜃1,2,𝑧 (𝑥;F𝑝) = −2𝑐 × ReLU(2𝑝−𝑒𝑧𝑥 − 𝑎𝑧 × 2𝑝),

with 𝜙𝜃1,1,𝑧 (𝑥;F𝑝),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝) ∈ {0} ∪ [2𝑝]. Therefore

𝑓1(𝑥;F𝑝) =

{

0 if (2 − 𝑢) × 2−1+𝑒𝑧 ≤ 𝑥 ≤ 𝑧−,
1 if 𝑧 ≤ 𝑥 ≤ (2 − 2𝑢) × 2𝑒𝑧 .

If 𝑥 ≥ (2 − 𝑢) × 2𝑒𝑧 , we have

𝜙𝜃1,1,𝑧 (𝑥;F𝑝) = 2𝑐
(

(2 − 𝑎𝑧 − 𝑢̃) × 2𝑝
)

,

𝜙𝜃1,2,𝑧 (𝑥;F𝑝) = −2𝑐
(

(2 − 𝑎𝑧 − 𝑢) × 2𝑝
)

,

𝑓1(𝑥;F𝑝) = 𝜙𝜃1,1,𝑧 (𝑥;F𝑝)⊕𝜙𝜃1,2,𝑧 (𝑥;F𝑝) = 2𝑐 (𝑢 − 𝑢̃) = 1,

with 𝜙𝜃1,1,𝑧 (𝑥;F𝑝),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝) ∈ {0} ∪ [2𝑝]. Therefore we conclude

𝑓1(𝑥;F𝑝) = 1[𝑥 ≥ 𝑧] ,

for all 𝑥 ∈ F𝑝.
We also construct 1[𝑥 ≤ 𝑧] in a similar way. To this end, we define

𝑓2(𝑥;F𝑝) as

𝑓2(𝑥;F𝑝) = 𝜓𝜃2,1,𝑧 (𝑥;F𝑝)⊕𝜓𝜃2,2,𝑧 (𝑥;F𝑝),

𝜓𝜃2,1,𝑧 (𝑥;F𝑝) = 𝜙𝜃2,1,𝑧 (𝑥;F𝑝), 𝜓𝜃2,2,𝑧 (𝑥;F𝑝) = 𝜙𝜃2,2,𝑧 (𝑥;F𝑝),

𝜙𝜃2,1,𝑧 (𝑥;F𝑝) = 1⊗ ReLU
(

(−2𝑝−𝑒𝑧 ⊗ ReLU(𝑥 ⊖ 2𝑒𝑧 ))⊕ ((𝑎𝑧 − 1 + 𝑢) × 2𝑝)
)

,

𝜙𝜃2,2,𝑧 (𝑥;F𝑝) = −1⊗ ReLU
(

(−2𝑝−𝑒𝑧 ⊗ ReLU(𝑥 ⊖ 2𝑒𝑧 ))⊕ (𝑎𝑧 − 1) × 2𝑝
)

.

If 2𝑒𝑧 < 𝑥 < 21+𝑒𝑧 , 𝑥 ⊖ 2𝑒𝑧 is exact by Lemma 13. Therefore we have

ReLU(𝑥 ⊖ 2𝑒𝑧 )

⎧

⎪

⎨

⎪

⎩

= 0 if 𝑥 < 2𝑒𝑧 ,
= 𝑥 − 2𝑒𝑧 if 2𝑒𝑧 ≤ 𝑥 ≤ 21+𝑒𝑧 .
≥ 2𝑒𝑧 if 𝑥 > 21+𝑒𝑧 .

If 𝑥 < 2𝑒𝑧 , we have

𝜙𝜃2,1,𝑧 (𝑥;F𝑝) = ReLU((𝑎𝑧 − 1 + 𝑢) × 2𝑝),

𝜙𝜃2,2,𝑧 (𝑥;F𝑝) = −ReLU((𝑎𝑧 − 1) × 2𝑝),

𝑓2(𝑥;F𝑝) = 𝜙𝜃2,1,𝑧 (𝑥;F𝑝) + 𝜙𝜃2,2,𝑧 (𝑥;F𝑝) = 1,

with 𝜙𝜃2,1,𝑧 (𝑥;F𝑝),−𝜙𝜃2,2,𝑧 (𝑥;F𝑝) ∈ {0} ∪ [2𝑝].
If 2𝑒𝑧 ≤ 𝑥 ≤ 21+𝑒𝑧 , we have ReLU(𝑥 − 2𝑒𝑧 ) = 𝑛2 × 2−𝑝+𝑒𝑧 where

𝑛2 = 0, 1,… , 2𝑝. Since 2𝑝−𝑒𝑧 ⊗ ReLU(𝑥 ⊖ 2𝑒𝑧 ) ∈ [2𝑝] and (𝑎𝑧 − 1 + 𝑢) ×
2𝑝, (𝑎𝑧 − 1) × 2𝑝 ∈ [2𝑝], by Lemma 16, all operations in 𝜙𝜃2,1,𝑧 (𝑥;F𝑝) and
𝜙𝜃2,2,𝑧 (𝑥;F𝑝) are exact. Hence

𝜙𝜃2,1,𝑧 (𝑥;F𝑝) = ReLU(−2𝑝−𝑒𝑧𝑥 + (𝑎𝑧 + 𝑢) × 2𝑝),

𝜙𝜃2,2,𝑧 (𝑥;F𝑝) = −ReLU(−2𝑝−𝑒𝑧𝑥 + 𝑎𝑧 × 2𝑝),

with 𝜙𝜃2,1,𝑧 (𝑥;F𝑝),−𝜙𝜃2,2,𝑧 (𝑥;F𝑝) ∈ {0} ∪ [2𝑝]. Therefore,

𝑓2(𝑥;F𝑝) =

{

1 if 2𝑒𝑧 ≤ 𝑥 ≤ 𝑧,
0 if 𝑧+ ≤ 𝑥 ≤ 21+𝑒𝑧 .

If 𝑥 > 21+𝑒𝑧 , we have

1 ≥ 𝑎𝑧 − 1 + 𝑢,

− 2𝑝−𝑒𝑧 ⊗ ReLU(𝑥 ⊖ 2𝑒𝑧 ) ≤ −2𝑝 ≤ −(𝑎𝑧 − 1 + 𝑢) × 2𝑝,

which leads to 𝜙𝜃2,1,𝑧 (𝑥;F𝑝) = 𝜙𝜃2,2,𝑧 (𝑥;F𝑝) = 0. Therefore we conclude

𝑓2(𝑥;F𝑝) = 1[𝑥 ≤ 𝑧] .

Now, we consider 𝑧 < 0, we define

𝑓1(𝑥;F𝑝) = 𝜓1,1,𝑧(𝑥;F𝑝)⊕𝜓1,2,𝑧(𝑥;F𝑝),

𝑓2(𝑥;F𝑝) = 𝜓2,1,𝑧(𝑥;F𝑝)⊕𝜓2,2,𝑧(𝑥;F𝑝),
8

𝜓1,1,𝑧(𝑥;F𝑝) = 𝜙2,1,−𝑧(−𝑥;F𝑝), 𝜓1,2,𝑧(𝑥;F𝑝) = 𝜙2,2,−𝑧(−𝑥;F𝑝), 𝑓
𝜓2,1,𝑧(𝑥;F𝑝) = 𝜙1,1,−𝑧(−𝑥;F𝑝), 𝜓2,2,𝑧(𝑥;F𝑝) = 𝜙1,2,−𝑧(−𝑥;F𝑝).

Then we have

𝑓1(𝑥;F𝑝) = 𝜙𝜃2,1,−𝑧 (−𝑥;F𝑝)⊕𝜙𝜃2,2,−𝑧 (−𝑥;F𝑝) = 1[−𝑥 ≤ −𝑧] = 1[𝑥 ≥ 𝑧] ,

𝑓2(𝑥;F𝑝) = 𝜙𝜃1,1,−𝑧 (−𝑥;F𝑝)⊕𝜙𝜃1,2,−𝑧 (−𝑥;F𝑝) = 1[−𝑥 ≥ −𝑧] = 1[𝑥 ≤ 𝑧] .

Finally, we have 𝜓𝜃𝑖,1,𝑧 (𝑥;F𝑝), 𝜓𝜃𝑖,2,𝑧 (𝑥;F𝑝) ∈ {0} ∪ [2𝑝] for all 𝑖 ∈ {1, 2},
and

𝑓1(𝑥;F𝑝) = 1[𝑥 ≥ 𝑧] , 𝑓2(𝑥;F𝑝) = 1[𝑥 ≤ 𝑧] ,

for all 𝑧 ∈ F𝑝 ⧵ {0}.
Lastly, it is easy to observe that 𝜓𝜃𝑖,𝑗,𝑧 for all 𝑖, 𝑗 ∈ {1, 2} and

𝑧 ∈ F𝑝 ⧵ {0} share the same network architecture of 3 layers and 5
parameters. This completes the proof. □

5.2. Proof of Lemma 1

Let 𝐱 = (𝑥1,… , 𝑥𝑑 ). For each 𝑖 ∈ [𝑑], we define 𝑔2𝑗−1(𝑥𝑗 ;F𝑝) =
1
[

−𝑥𝑗 ⊕ 𝛽𝑗 ≥ 0
]

and 𝑔2𝑗 (𝑥𝑗 ;F𝑝) = 1
[

𝑥𝑗 ⊖ 𝛼𝑗 ≥ 0
]

, and define 𝑓𝜃𝜶,𝜷 as
follows:

𝑓𝜃𝜶,𝜷 (𝐱;F𝑝) = 1

[( 2𝑑
⨁

𝑖=1
𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝)

)

⊖ 2𝑑 ≥ 0

]

.

From the definition of 𝑔𝑖, one can observe that

2𝑗−1(𝑥𝑗 ;F𝑝) + 𝑔2𝑗 (𝑥𝑗 ;F𝑝) =

{

2 if 𝑥𝑗 ∈ [𝛼𝑗 , 𝛽𝑗 ],
1 if 𝑥𝑗 ∉ [𝛼𝑗 , 𝛽𝑗 ].

ince ⨁𝑚
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝) ≤ 𝑚 ≤ 21+𝑝 − 1 for 1 ≤ 𝑚 ≤ (2𝑑 − 1),

nd |𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝)| = 0, 1, by Lemma 16, ⨁2𝑑
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝) is exact.

herefore, we have ⨁2𝑑
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝) = 2𝑑 if 𝐱 ∈

∏𝑑
𝑖=1[𝛼𝑖, 𝛽𝑖] and

2𝑑
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝) < 2𝑑 otherwise, i.e.,

𝜃𝛼,𝛽 (𝐱,F𝑝) = 1

[

𝐱 ∈
𝑑
∏

𝑗=1
[𝛼𝑗 , 𝛽𝑗 ]

]

.

ere, 𝑓𝜃𝜶,𝜷 can be constructed via a three-layer Step network of 6𝑑 + 2
arameters (4𝑑 parameters for the first layer, 2𝑑 +1 parameters for the
econd layer, and 1 parameter for the last layer.) This completes the
roof.

.3. Proof of Theorem 2

We use Lemma 1 to prove Theorem 2. Consider

𝜃𝐳𝑖 ,𝐳𝑖
(𝐱;F𝑝) = 1

[

𝐱 ∈
𝑑
∏

𝑗=1
[𝐳𝑖,𝑗 , 𝐳𝑖,𝑗 ]

]

= 1
[

𝐱 = 𝐳𝑖
]

,

nd

𝜃 (𝐱;F𝑝) =
𝑛

⨁

𝑖=1

(

𝑦𝑖 ⊗ 𝑓𝜃𝐳𝑖 ,𝐳𝑖 (𝐱,F𝑝)
)

,

here 𝑓𝜃𝐳𝑖 ,𝐳𝑖 (𝐱,F𝑝) is from Section 5.2 in Lemma 1. Then, 𝑓𝜃 (𝐳𝑖;F𝑝) = 𝑦𝑖
or all 𝑖 ∈ [𝑛] and 𝑓 can be implemented by a three-layer Step network
f 6𝑑𝑛 + 2𝑛 parameters (4𝑑𝑛 parameters for the first layer, 2𝑑𝑛 + 𝑛
arameters for the second layer, and 𝑛 parameters for the last layer).

.4. Proof of Eq. (4)

If 𝑥 < 1, since 𝑥 ≤ (1 − 𝑢), we have 𝑥 × 2𝑝 ≤ (1 − 𝑢) × 2𝑝 < 2𝑝.
herefore, 𝑓 (𝑥;F𝑝) = 0. If 1 ≤ 𝑥 ≤ 1.1 × 21, we have (𝑥 × 2𝑝) ∈ [21+𝑝],
1−𝑢)×2𝑝, 2𝑝 ∈ [2𝑝]. By Lemma 16, (𝑥×2𝑝)⊖((1−𝑢)×2𝑝) and (𝑥×2𝑝)⊖2𝑝

re exact. Therefore,
( 𝑝 𝑝 ) ( 𝑝 𝑝)
(𝑥;F𝑝) = (𝑥 × 2 ) − ((1 − 𝑢) × 2 ) − (𝑥 × 2 ) − 2 = 1.
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If 1.1 × 21 ≤ 𝑥 < 1.01 × 22, let 𝑛𝑥 = (𝑥 − 1.1 × 21) × 2𝑝−1 ∈ N. Then we
have 0 ≤ 𝑛𝑥 < 2𝑝 and

(𝑥 × 2𝑝)⊖ ((1 − 𝑢) × 2𝑝) = ⌈2𝑝+1 + 2𝑛𝑥 + 1⌋,

(𝑥 × 2𝑝)⊖ 2𝑝 = ⌈2𝑝+1 + 2𝑛𝑥⌋.

For 0 ≤ 𝑛 < 2𝑝+1, since

⌈2𝑝+1 + 𝑛⌋ =

⎧

⎪

⎨

⎪

⎩

2𝑝+1 + 𝑛 if 𝑛 ≡ 0, 2 (mod 4),
2𝑝+1 + 𝑛 − 1 if 𝑛 ≡ 1 (mod 4),
2𝑝+1 + 𝑛 + 1 if 𝑛 ≡ 3 (mod 4),

we have

𝑓 (𝑥;F𝑝) =

{

0 if 𝑛𝑥 ≡ 0 (mod 2),
2 if 𝑛𝑥 ≡ 1 (mod 2).

If 𝑥 ≥ 1.01 × 22, let 𝑥′ = 𝑥 − 1. Then we have 𝑥′ ≥ 22 and

(𝑥 × 2𝑝)⊖ ((1 − 𝑢) × 2𝑝) = ⌈(𝑥 − 1 + 𝑢) × 2𝑝⌋ = ⌈𝑥′ + 𝑢⌋ × 2𝑝,

(𝑥 × 2𝑝)⊖ 2𝑝 = ⌈(𝑥 − 1) × 2𝑝⌋ = 𝑥′ × 2𝑝.

Since ⌈𝑥′ + 𝑢⌋ = 𝑥′ by Lemma 17, we have 𝑓 (𝑥;F𝑝) = 0.

5.5. Proof of Theorem 3

If 𝜔−1
𝑓∗ (𝜀) = ∞, let 𝛿 = 1, and we have 𝐾 = 1. If 𝜔−1

𝑓∗ (𝜀) ≠ ∞, let
𝛿 = (𝜔−1

𝑓∗ (𝜀))
−1. For each 𝑖 ∈ [𝐾], we define

𝛼𝑖 =

{

𝑖𝛿 if 𝑖 ∈ {0, 1,… , 𝐾 − 1},
1 if 𝑖 = 𝐾,

𝑖 =
⎧

⎪

⎨

⎪

⎩

[𝛼
(≥,F𝑝)
𝑖−1 , 𝛼

(<,F𝑝)
𝑖 ] ∩ F𝑝 if 𝑖 ∈ [𝐾 − 1],

[𝛼
(≥,F𝑝)
𝐾−1 , 𝛼

(≤,F𝑝)
𝐾 ] ∩ F𝑝 if 𝑖 = 𝐾.

Without loss of generality, we assume that 𝑖 ≠ ∅ for all 𝑖 ∈ [𝐾];
otherwise, we remove empty 𝑗 , decrease 𝐾, and re-index 𝑖 so that 𝑖
if non-empty for all 𝑖 ∈ [𝐾]. We note that since 0, 1 ∈ F𝑝, there is at least
one non-empty 𝑖 and 𝐾 ≥ 1. Then, by the above definitions, it holds
that sup𝑖 − inf 𝑖 ≤ 𝛿. Since 𝛼(<,F𝑝)𝑖 < 𝛼

(≥,F𝑝)
𝑖 , 𝑖1 and 𝑖2 are disjoint if

𝑖1 ≠ 𝑖2, and ⋃

⋅ 𝑖∈[𝐾] 𝑖 = [0, 1] ∩ F𝑝. For each 𝜾 = (𝜄1,… , 𝜄𝑑 ) ∈ [𝐾]𝑑 , we
also define

𝜸𝜾 = arg min
𝐱∈𝜄1×⋯×𝜄𝑑

|𝑓 ∗(𝐱) − ⌈𝑓 ∗(𝐱)⌋|,

which is well-defined by Lemma 19.
We are now ready to introduce our Step network construction 𝑓𝜃 :

𝑓𝜃(𝐱;F𝑝) =
⨁

𝜾∈[𝐾]𝑑
⌈𝑓 ∗(𝜸𝜾)⌋⊗ 1

[( 2𝑑
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

)

⊖ 𝑑 ≥ 0

]

,

where for each 𝑗 ∈ [𝑑] and 𝜾 = (𝜄1,… , 𝜄𝑑 ) ∈ [𝐾]𝑑 ,

ℎ𝜾,2𝑗−1(𝑥) =

⎧

⎪

⎨

⎪

⎩

1
[

𝑥 − 𝛼
(≥,F𝑝)
𝑗−1 ≥ 0

]

if 𝜄𝑗 ∈ {2,… , 𝐾},

1
[

𝑥 + 𝛼
(≥,F𝑝)
0 ≥ 0

]

if 𝜄𝑗 = 1,

ℎ𝜾,2𝑗 (𝑥) =

⎧

⎪

⎨

⎪

⎩

−1
[

𝑥 − 𝛼
(≥,F𝑝)
𝑗 ≥ 0

]

if 𝜄𝑗 ∈ {1,… , 𝐾 − 1},

−1
[

𝑥 − 𝛼
(>,F𝑝)
𝐾 ≤ 0

]

if 𝜄𝑗 = 𝐾.

Since ℎ𝜾,𝑗 (𝑥) ∈ {−1, 0, 1}, ℎ𝜾,2𝑗−1(𝑥) + ℎ𝜾,2𝑗 (𝑥) = {−1, 0, 1}, we have

|

|

|

|

|

|

𝑚
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

|

|

|

|

|

|

≤ 𝑑 ≤ 2𝑝.

for any 1 ≤ 𝑚 ≤ 2𝑑. Therefore, by Lemma 16, all operations in
the computation of ⨁2𝑑 ℎ (𝑥 ) are exact. Furthermore, for each
9

𝑗=1 𝜾,𝑗 ⌈𝑗∕2⌉Z w
𝐱 ∈ F𝑑𝑝 ∩ [0, 1]𝑑 , we have

2𝑑
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

{

= 𝑑 if 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,
< 𝑑 if 𝐱 ∈ ([0, 1]𝑑 ∩ F𝑑𝑝 ) ⧵ (𝜄1 ×⋯ × 𝜄𝑑 ).

Since ⋃

⋅ 𝜾∈[𝐾]𝑑 𝜄1 ×⋯ × 𝜄𝑑 = F𝑑𝑝 ∩ [0, 1]𝑑 , we have

𝑓𝜃(𝐱;F𝑝) = ⌈𝑓 ∗(𝜸𝜾)⌋, ∀𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 .

Hence, for each 𝜾 ∈ [𝐾]𝑑 and 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,

|𝑓𝜃(𝐱;F𝑝) − 𝑓 ∗(𝐱)| = |⌈𝑓 ∗(𝜸𝜾)⌋ − 𝑓 ∗(𝜸𝜾)| + |𝑓 ∗(𝜸𝜾) − 𝑓 ∗(𝐱)|
≤ |⌈𝑓 ∗(𝐱)⌋ − 𝑓 ∗(𝐱)| + 𝜀,

where we use ‖𝐱 − 𝜸𝜾‖∞ ≤ 𝜔𝑓∗ (𝜀) for the above inequality. Since
each ℎ𝜾,𝑗 can be implemented by a Step network of 3 parameters,
1
[(

⨁2𝑑
𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

)

⊖ 𝑑 ≥ 0
]

can be implemented using 6𝑑+1 param-
eters. This implies that our 𝑓𝜃 can be implemented by a Step network
of 3 layers and (6𝑑 + 2)𝐾𝑑 parameters. This completes the proof.

5.6. Proof of Theorem 5

Define 𝛿 = 1
2 min{|𝑧𝑖,𝑗 | ∶ 𝑧𝑖,𝑗 ≠ 0, 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑑]}. For each 𝑖 ∈ [𝑛],

e also define ℎ𝑖,1,… , ℎ𝑖,4𝑑 as follows: for each 𝑗 ∈ [𝑑],

𝑖,4𝑗−3 = 𝜓𝜃1,1,𝑡𝑖,𝑗,1 , ℎ𝑖,4𝑗−2 = 𝜓𝜃1,2,𝑡𝑖,𝑗,1 , ℎ𝑖,4𝑗−1 = −𝜓𝜃1,1,𝑡𝑖,𝑗,2 , ℎ𝑖,4𝑗 = −𝜓𝜃1,2,𝑡𝑖,𝑗,2 ,

here 𝑡𝑖,𝑗,1 = 𝑧𝑖,𝑗 and 𝑡𝑖,𝑗,2 = 𝑧+𝑖,𝑗 if 𝑧𝑖,𝑗 ≠ 0, 𝑡𝑖,𝑗,1 = −𝛿 and 𝑡𝑖,𝑗,2 = 𝛿+ if
𝑖,𝑗 = 0, and 𝜓𝜃1,1,𝑧 , 𝜓𝜃1,2,𝑧 are defined in Lemma 20.

By Lemma 20, we have

𝑖,4𝑗−3(𝑥),−ℎ𝑖,4𝑗−2(𝑥),−ℎ𝑖,4𝑗−1(𝑥), ℎ𝑖,4𝑗 (𝑥) ∈ {0} ∪ [2𝑝],
4

⨁

𝑘=1
ℎ𝑖,4𝑗−4+𝑘(𝑥) =

{

1
[

𝑥 = 𝑧𝑖,𝑗
]

if 𝑧𝑖,𝑗 ≠ 0,
1[𝑥 ∈ [−𝛿, 𝛿]] if 𝑧𝑖,𝑗 = 0,

or all 𝑥 ∈ F𝑝.
Let 0 ≤ 𝑚 < 𝑑 ≤ 2𝑝. For each 𝑚, we have ℎ𝑖,4𝑚+1(𝑥) + ℎ𝑖,4𝑚+2(𝑥) =

4𝑚+1 ∈ {0, 1} and

−2𝑝 < −𝑚 ≤
4𝑚
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 < 2𝑝, ℎ𝑖,4𝑚+1(𝑥) ∈ {0} ∪ [2𝑝],

2𝑝 ≤ −𝑚 + ℎ𝑖,4𝑚+1(𝑥) ≤
4𝑚+1
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 + ℎ𝑖,4𝑚+1(𝑥) < 2𝑝+1,

− ℎ𝑖,4𝑚+2(𝑥) ∈ {0} ∪ [2𝑝],

−2𝑝 < −𝑚 + 𝑙4𝑚+1 ≤
4𝑚+2
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 + 𝑙4𝑚+1 ≤ 2𝑝.

y Lemma 16, all above operations in ⨁4𝑚+2
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact.

We have ℎ𝑖,4𝑚+3(𝑥) + ℎ𝑖,4𝑚+4(𝑥) = 𝑙4𝑚+3 ∈ {0,−1}, 𝑙4𝑚+1 + 𝑙4𝑚+3 ∈
0,−1}, and

−2𝑝 ≤ −𝑚 + 𝑙4𝑚−1 ≤
4𝑚+2
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 2𝑝,

− ℎ𝑖,4𝑚+3(𝑥) ∈ {0} ∪ [2𝑝],

21+𝑝 ≤ −𝑚 + 𝑙4𝑚−1 + ℎ𝑖,4𝑚+3(𝑥) ≤
4𝑚+3
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 2𝑝 + ℎ𝑖,4𝑚+3(𝑥),

ℎ𝑖,4𝑚+4(𝑥) ∈ {0} ∪ [2𝑝],

−2𝑝 ≤ −𝑚 + 𝑙4𝑚−1 + 𝑙4𝑚−3 ≤
4𝑚+4
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) < 2𝑝 + 𝑙4𝑚−3 ≤ 2𝑝.

y Lemma 16, all above operations in ⨁4𝑚+2
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact.

Therefore we conclude that all operations in ⨁4𝑑
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact

⨁4𝑑 𝑝
ith | 𝑗=1 ℎ𝑖,𝑗 (𝑥)| ∈ {0} ∪ [2 ].



Neural Networks 175 (2024) 106297Y. Park et al.
We design the target network 𝑓𝜃 as follows:

𝑓𝜃(𝐱;F𝑝) =
𝑛

⨁

𝑖=1
𝑦𝑖 ⊗ ReLU

(( 4𝑑
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥⌈𝑗∕4⌉Z )

)

⊖ (𝑑 − 1)

)

.

Since for each 𝑘 ∈ [𝑛]

4𝑑
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑧𝑘,⌈𝑗∕4⌉Z )

{

= 𝑑 if 𝐳𝑘 = 𝐳𝑖,
< 𝑑 if 𝐳𝑘 ≠ 𝐳𝑖,

𝑓𝜃 memorizes the target dataset. Since there are 5 parameters for each
ℎ𝑖,𝑗 , 𝑓𝜃 has 20𝑑𝑛 + 2𝑛 parameters. This completes the proof.

5.7. Proof of Theorem 6

The proof of Theorem 6 is almost identical to that of Theorem 3;
we define 𝑖, 𝛼𝑖, and 𝜸𝜾 as in Section 5.5. For each 𝜾 ∈ [𝐾]𝑑 , 𝑗 ∈ [𝑑], we
also define ℎ𝜾,1,… , ℎ𝜾,4𝑑 as follows:

ℎ𝜾,4𝑗−3 = 𝜓𝜃1,1,𝑡𝜾,𝑗,1 , ℎ𝜾,4𝑗−2 = 𝜓𝜃1,2,𝑡𝜾,𝑗,1 , ℎ𝜾,4𝑗−1 = −𝜓𝜃1,1,𝑡𝜾,𝑗,2 , ℎ𝜾,4𝑗 = −𝜓𝜃1,2,𝑡𝜾,𝑗,2 ,

where

𝑡𝜾,𝑗,1 =

⎧

⎪

⎨

⎪

⎩

𝛼
(≥,F𝑝)
𝑗−1 if 𝜄𝑗 ∈ {2,… , 𝐾},

−𝛼
(≥,F𝑝)
0 if 𝜄𝑗 = 1,

𝑡𝜾,𝑗,2 =

⎧

⎪

⎨

⎪

⎩

𝛼
(≥,F𝑝)
𝑗 if 𝜄𝑗 ∈ {1,… , 𝐾 − 1},

𝛼
(>,F𝑝)
𝐾 if 𝜄𝑗 = 𝐾,

and 𝜓𝜃1,1,𝑧 , 𝜓𝜃1,2,𝑧 are defined in Lemma 20. Namely, we have

ℎ𝜾,4𝑗−3(𝑥)⊕ ℎ𝜾,4𝑗−2(𝑥) =

⎧

⎪

⎨

⎪

⎩

1
[

𝑥 ≥ 𝛼
(≥,F𝑝)
𝑗−1

]

if 𝜄𝑗 ∈ {2,… , 𝐾},

1
[

𝑥 ≥ −𝛼
(≥,F𝑝)
0

]

if 𝜄𝑗 = 1,

ℎ𝜾,4𝑗−1(𝑥)⊕ ℎ𝜾,4𝑗 (𝑥) =

⎧

⎪

⎨

⎪

⎩

−1
[

𝑥 ≥ 𝛼
(≥,F𝑝)
𝑗

]

if 𝜄𝑗 ∈ {1,… , 𝐾 − 1},

−1
[

𝑥 ≥ −𝛼
(>,F𝑝)
𝐾

]

if 𝜄𝑗 = 𝐾,

for all 𝑥 ∈ F𝑝 by Lemmas 16 and 20. We design the target network 𝑓𝜃
as follows:

𝑓𝜃(𝐱;F𝑝) =
⨁

𝜾∈[𝐾]𝑑
⌈𝑓 ∗(𝜸𝜾)⌋⊗ ReLU

(( 4𝑑
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z )

)

⊖ (𝑑 − 1) ≥ 0

)

.

By similar argument presented in the proof of Theorem 5, all operations
in ⨁4𝑑

𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z ) are exact by Lemma 16, i.e., for each 𝑘 ∈ [𝑛]

4𝑑
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z )

{

= 𝑑 if 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,
≤ 𝑑 − 1 if ([0, 1]𝑑 ∩ F𝑑𝑝 ) ⧵ (𝜄1 ×⋯ × 𝜄𝑑 ),

This implies that for each 𝜾 ∈ [𝐾]𝑑 and 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,

|𝑓𝜃(𝐱;F𝑝) − 𝑓 ∗(𝐱)| = |⌈𝑓 ∗(𝜸𝜾)⌋ − 𝑓 ∗(𝜸𝜾)| + |𝑓 ∗(𝜸𝜾) − 𝑓 ∗(𝐱)|
≤ |⌈𝑓 ∗(𝐱)⌋ − 𝑓 ∗(𝐱)| + 𝜀,

where we use ‖𝐱−𝜸𝜾‖∞ ≤ 𝜔𝑓∗ (𝜀) for the above inequality. Since each ℎ𝜾,𝑗
can be implemented by a ReLU network of 3 layers and 5 parameters by
Lemma 20, 1

[(

⨁4𝑑
𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z )

)

⊖ (𝑑 − 1) ≥ 0
]

can be implemented
using 20𝑑+1 parameters. This implies that our 𝑓 can be implemented by
a ReLU network of 4 layers and (20𝑑+2)𝐾𝑑 parameters. This completes
the proof.
10
6. Proofs of results under F𝒑,𝒒

6.1. Addition notations for F𝑝,𝑞

In this section, we introduce notations frequently used for proving
our results under F𝑝,𝑞 . For 𝑥 ∈ F𝑝,𝑞 , if 𝑥 is normal, we represent 𝑥 as

𝑥 = 𝑠𝑥 × 𝑎𝑥 × 2𝑒𝑥 , 𝑠𝑥 ∈ {−1, 1}, 𝑎𝑥 = 1.𝑥1 ⋯ 𝑥𝑝.

If 𝑥 is subnormal, it is standard to represent 𝑥 as

𝑥 = 𝑠𝑥 × 𝑎𝑥 × 2𝑒𝑚𝑖𝑛 , 𝑠𝑥 ∈ {−1, 1}, 𝑎𝑥 = 0.𝑥1 ⋯ 𝑥𝑝,

𝑥1 = ⋯ = 𝑥𝑐𝑥−1 = 0, 𝑥𝑐𝑥 = 1.

for some 1 ≤ 𝑐𝑥 < 𝑝. However, instead of using the above representa-
tion, we opt for a different one for the sake of convenience.

𝑥 = s𝑥 × a𝑥 × 2e𝑥 , s𝑥 ∈ {−1, 1}, a𝑥 = 1.𝑥1 ⋯ 𝑥𝑝−𝑐𝑥 , e𝑥 = 𝑒𝑚𝑖𝑛 − 𝑐𝑥.

It is convenient because, regardless of whether 𝑥 is normal or subnor-
mal, we have the following representation for 𝑥:

𝑥 = s𝑥 × a𝑥 × 2e𝑥 , s𝑥 ∈ {−1, 1}, a𝑥 = 1.x1 ⋯ x𝑝, 2e𝑥 ≤ 𝑥 < 21+e𝑥 . (7)

Note that if 𝑥 is normal, we have s𝑥 = 𝑠𝑥, a𝑥 = 𝑎𝑥, e𝑥 = 𝑒𝑥. We define
𝜇(𝑥) as

𝜇(𝑥) ≜ inf{𝑚 ∈ Z ∶ 𝑥 × 2−𝑚 ∈ N}.

Note that if 𝑥 ≠ 0, we can represent 𝑥 as

𝑥 = (𝑛𝑥 × 2−e𝑥+𝜇(𝑥)) × 2e𝑥 , (8)

for 𝑛𝑥 = 𝑥 × 2−𝜇(𝑥) ∈ N with 2e𝑥−𝜇(𝑥) ≤ 𝑛𝑥 < 21+e𝑥−𝜇(𝑥). We define 𝑒0 as

𝑒0 ≜ 𝑒𝑞−2 − 1.

Definition 21. For a number 𝑥 ∈ R, we say 𝑥 is ‘‘representable’’ by
F𝑝,𝑞 if 𝑥 ∈ F𝑝,𝑞 .

Remark 22. For nonzero 𝑥 ∈ R, suppose 𝑥 has a following represen-
tation

𝑥 = s𝑥 × a𝑥 × 2e𝑥 , s𝑥 ∈ {−1, 1}, 1 ≤ a𝑥 < 2, e𝑥 ∈ Z, 2e𝑥 ≤ 𝑥 < 21+e𝑥 .

Define 𝑐𝑥 ≜ max{0, 𝑒𝑚𝑖𝑛 − e𝑥}. Then 𝑥 is representable by F𝑝,𝑞 if

−𝑝 + 𝑒𝑚𝑖𝑛 ≤ e𝑥 ≤ 𝑒𝑚𝑎𝑥, a𝑥 × 2𝑝−𝑐𝑥 ∈ N,

which leads to

−𝑝 + 𝑒𝑚𝑖𝑛 ≤ e𝑥 ≤ 𝑒𝑚𝑎𝑥, 0 ≤ e𝑥 − 𝜇(𝑥) ≤ 𝑝 − 𝑐𝑥. (9)

We say representability test on 𝑥 is to check whether 𝑥 satisfies Eq. (9).

6.2. Technical lemmas

We introduce technical lemmas used for proving our results under
F𝑝,𝑞 .

Lemma 23. Let 𝑥 = 𝑛 × 2𝑚 for some 𝑛 ∈ N, 𝑚 ∈ Z. Let 𝑐𝑥 =
max{0, 𝑒𝑚𝑖𝑛 − 𝑚}. If

0 < 𝑛 < 21+𝑝−𝑐𝑥 , −𝑝 + 𝑒𝑚𝑖𝑛 ≤ 𝑚 ≤ −𝑝 + 𝑒𝑚𝑎𝑥,

then 𝑥 is representable by F𝑝,𝑞 .

Proof. Since 0 ≤ 𝑛 < 21+𝑝−𝑐𝑥 , there exists 𝑐0 ∈ {0} ∪ [𝑝 − 𝑐𝑥] such that
2𝑝−𝑐𝑥−𝑐0 ≤ 𝑛 < 21+𝑝−𝑐𝑥−𝑐0 . Note that 𝑥 has the following representation
in F𝑝,𝑞 ,

𝑥 = (𝑛 × 2−𝑝+𝑐𝑥+𝑐0 ) × 2𝑝−𝑐𝑥−𝑐0+𝑚,

1 ≤ 𝑛 × 2−𝑝+𝑐𝑥+𝑐0 < 2, −𝑝 + 𝑒𝑚𝑖𝑛 ≤ 𝑝 − 𝑐𝑥 − 𝑐0 + 𝑚 ≤ 𝑒𝑚𝑎𝑥.
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Then we express 𝑛 × 2−𝑝+𝑐𝑥+𝑐0 as

𝑛 × 2−𝑝+𝑐𝑥+𝑐0 = 1. 𝑤1 ⋯𝑤𝑝−𝑐𝑥−𝑐0
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝑝−𝑐𝑥−𝑐0 times

,

for some 𝑤1,… , 𝑤𝑝−𝑐𝑥−𝑐0 ∈ {0, 1}. Therefore 𝑥 is representable by
F𝑝,𝑞 . □

Lemma 24. Let 𝑥, 𝑦 ∈ F𝑝,𝑞 and s𝑥 = s𝑦 and e𝑥 ≤ e𝑦. If 𝜇(𝑥) ≥ e𝑦 − 𝑝,
then 𝑥 ⊖ 𝑦 and 𝑦 ⊖ 𝑥 are exact. In addition, if |𝑥 + 𝑦| ≤ 21+e𝑦 , then 𝑥 ⊕ 𝑦
s exact.

roof. Let 𝑐𝑦 = max{0, 𝑒𝑚𝑖𝑛−e𝑦}. Note that if e𝑦 ≥ 𝑒𝑚𝑖𝑛 (i.e. 𝑦 is normal),
e have 𝑐𝑦 = 0. If e𝑦 < 𝑒𝑚𝑖𝑛 (i.e. 𝑦 is subnormal), we have 𝑐𝑦 = 𝑒𝑚𝑖𝑛−e𝑦 >
and 𝜇(𝑥) ≥ −𝑝 + 𝑒𝑚𝑖𝑛 = −𝑝 + e𝑦 + 𝑐𝑦. Let 𝑘 ≜ 𝜇(𝑥) − e𝑦 + 𝑝 − 𝑐𝑦 ≥ 0. As

described in Eq. (8), we can represent 𝑥 and 𝑦 as

𝑥 = (𝑛𝑥 × 2−e𝑥+𝜇(𝑥)) × 2e𝑥 = 𝑛𝑥 × 2𝜇(𝑥), 2e𝑥−𝜇(𝑥) ≤ 𝑛𝑥 < 21+e𝑥−𝜇(𝑥),

𝑦 = (𝑛𝑦 × 2−𝑝+𝑐𝑦 ) × 2e𝑦 = 𝑛𝑦 × 2−𝑝+𝑐𝑦+e𝑦 , 2𝑝−𝑐𝑦 ≤ 𝑛𝑦 < 21+𝑝−𝑐𝑦 ,

for some 𝑛𝑥, 𝑛𝑦 ∈ N. Since 𝑘 ≥ 0, we have

= (2𝑘𝑛𝑥) × 2−𝑝+e𝑦+𝑐𝑦 , 2𝑝−(e𝑦−e𝑥+𝑐𝑦) ≤ 2𝑘𝑛𝑥 < 21+𝑝−(e𝑦−e𝑥+𝑐𝑦).

herefore for 𝑛′ = 𝑛𝑦 − 2𝑘𝑛𝑥 ∈ N, we have

−𝑥 = 𝑛′ ×2−𝑝+e𝑦+𝑐𝑦 , 2𝑝−𝑐𝑦 −21+𝑝−(e𝑦−e𝑥+𝑐𝑦) < 𝑛′ < 21+𝑝−𝑐𝑦 −2𝑝−(e𝑦−e𝑥+𝑐𝑦),

hich leads to

2𝑝−𝑐𝑦 < 𝑛′ < 2𝑝+1−𝑐𝑦 − 1.

ince |𝑛′| = 0 or |𝑛′| < 21+𝑝−𝑐𝑦 −1 and −𝑝+ 𝑒𝑚𝑖𝑛 ≤ −𝑝+ e𝑦 + 𝑐𝑦 ≤ 𝑒𝑚𝑎𝑥, by
emma 23, 𝑦 − 𝑥 = 𝑛′ × 2−𝑝+e𝑦+𝑐𝑦 is representable by F𝑝,𝑞 . This ensures
hat 𝑦 ⊖ 𝑥 is exact.

Now suppose |𝑥 + 𝑦| ≤ 21+e𝑦 . Then for 𝑛′′ = 𝑛𝑥 + 𝑛𝑦 ∈ N, we have

+𝑦 = 𝑛′′×2−𝑝+e𝑦+𝑐𝑦 , 2𝑝−(e𝑦−e𝑥+𝑐𝑦)+2𝑝−𝑐𝑦 ≤ 𝑛′′ < 21+𝑝−(e𝑦−e𝑥+𝑐𝑦)+21+𝑝−𝑐𝑦 .

ince |𝑥 + 𝑦| ≤ 21+e𝑦 , we have 𝑛′′ ≤ 21+𝑝−𝑐𝑦 . If |𝑛′′| = 0 or |𝑛′′| < 21+𝑝−𝑐𝑦 ,
ince −𝑝+𝑒𝑚𝑖𝑛 ≤ −𝑝+ e𝑦+𝑐𝑦 ≤ 𝑒𝑚𝑎𝑥, by Lemma 23, 𝑥+𝑦 = 𝑛′′×2−𝑝+e𝑦+𝑐𝑦
s representable by F𝑝,𝑞 . If |𝑛′′| = 21+𝑝−𝑐𝑦 , 𝑥 + 𝑦 = 21+e𝑦 is obviously
epresentable F𝑝,𝑞 . Therefore, 𝑥 ⊕ 𝑦 is exact. □

emma 25. In F𝑝,𝑞 , if 𝑥, 𝑦 ∈ [21+𝑝], 𝑥⊖𝑦 and 𝑦⊖𝑥 are exact. In addition
f 𝑥, 𝑦 ∈ [2𝑝], then 𝑥 ⊕ 𝑦 is exact.

roof. Without loss of generality, suppose 𝑥 ≤ 𝑦 for 𝑥, 𝑦 ∈ [21+𝑝]. Since
− 𝑥 < 21+𝑝, 𝑦− 𝑥 is representable by F𝑝,𝑞 by Lemma 23, ensuring that
⊖ 𝑦 and 𝑦 ⊖ 𝑥 are exact.

In addition, suppose 𝑥, 𝑦 ∈ [2𝑝] and 𝑥 ≤ 𝑦. Since 𝜇(𝑥) ≥ 0 and
𝑦 ≤ 𝑝, we have 𝜇(𝑥) ≥ −𝑝 + e𝑦. Since |𝑥 + 𝑦| < 21+𝑝, 𝑥 ⊕ 𝑦 is exact
y Lemma 24. □

emma 26. Let 𝑥, 𝑦 ∈ F𝑝,𝑞 and e𝑥 ≤ e𝑦. If e𝑥 ≤ −2 − 𝑝 + e𝑦, then
⊕ 𝑥 = 𝑦 ⊖ 𝑥 = 𝑦.

roof. Since |𝑥| ≤ 2−2−𝑝+e𝑦 , we have ⌈𝑥 + 𝑦⌋ = ⌈−𝑥 + 𝑦⌋ = 𝑦. □

emma 27. There exists ReLU networks 𝜓𝜃(⋅;F𝑝,𝑞) ∶ F𝑝,𝑞 → F𝑝,𝑞 of
layers and 5 parameters that satisfies the following: for any 𝑧 ∈ F𝑝,𝑞
atisfying 0 < |𝑧| ≤ (2−𝑢)×2−2−𝑝+𝑒𝑚𝑎𝑥 , there exist 𝜃1,1,𝑧, 𝜃1,2,𝑧, 𝜃2,1,𝑧, 𝜃2,2,𝑧 ∈
5
𝑝,𝑞 such that

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜓𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 1[𝑥 ≥ 𝑧] ,

𝜃2,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜓𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = 1[𝑥 ≤ 𝑧] ,

or |𝑥| ≤ (2 − 𝑢) × 2−2+𝑒0 . In addition, we have 𝜓𝜃𝑖,1,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝],
𝑝
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𝜓𝜃𝑖,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2 ] for all 𝑖 ∈ {1, 2}.
roof. In this proof, to ensure that indicator functions are realizable by
eLU networks in F𝑝,𝑞 , we should check (1) whether every parameter

n the network is representable by F𝑝,𝑞 and (2) whether every number
occurring during the intermediate calculations is also representable by
F𝑝,𝑞 . Hence, we conduct the representability tests (Remark 22) for each
condition.

We first consider 𝑧 > 0. We define

𝑢0 =

{

2−𝑝 (= 𝑢) if e𝑧 ≥ 𝑒𝑚𝑖𝑛,
2−𝑝+𝑐𝑧 if e𝑧 < 𝑒𝑚𝑖𝑛,

𝑘 =

{

−𝑝 + 𝑒0 if 0 < e𝑧 ≤ −2 − 𝑝 + 𝑒𝑚𝑎𝑥,
3 − 𝑝 − 𝑒0 − 𝑐𝑧 if e𝑧 ≤ 0,

̃0 =

{

0 if a𝑧 ≠ 1, or e𝑧 = −𝑝 + 𝑒𝑚𝑖𝑛,
𝑢0 × 2−1 if a𝑧 = 1,

𝑐 =

{

0 if a𝑧 ≠ 1, or e𝑧 = −𝑝 + 𝑒𝑚𝑖𝑛,
1 if a𝑧 = 1,

here 𝑐𝑧 = max{𝑒𝑚𝑖𝑛 − e𝑧, 0} ≥ 0, and recall that

𝑚𝑖𝑛 = −2𝑞−1 + 2, 𝑒𝑚𝑎𝑥 = 2𝑞−1 − 1, 𝑒0 = 2𝑞−2 − 1, 4 ≤ 𝑝 ≤ 2𝑞−2 + 2.

To construct 1[𝑥 ≥ 𝑧], we define a three-layer ReLU network 𝑓1(𝑥;F𝑝,
s follows:

1(𝑥;F𝑝,𝑞) = 𝜓𝜃1,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜓𝜃1,2,𝑧 (𝑥;F𝑝,𝑞), (10)

here

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞), 𝜓𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞),

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 ⊗ ReLU
(

(−2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥))⊕ (2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘
)

,

𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 ⊗ ReLU
(

(−2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥))⊕ (2 − a𝑧 − 𝑢0) × 2𝑝+𝑘
)

.

ere, 𝑔1(𝑥) is defined as

1(𝑥) ∶= ReLU(−𝑥 ⊕ ((2 − 𝑢0) × 2e𝑧 )).

et

1,1(𝑥) ∶= (−2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥))⊕ (2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘,

1,2(𝑥) ∶= (−2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥))⊕ (2 − a𝑧 − 𝑢0) × 2𝑝+𝑘,

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 ⊗ ReLU(𝜁1,1(𝑥)),

𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 ⊗ ReLU(𝜁1,2(𝑥)).

ote that (1) the following are parameters in 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) and
𝜃1,2,𝑧 (𝑥;F𝑝,𝑞):

𝑐−𝑐𝑧−𝑘, 2𝑝−e𝑧+𝑘, (2− 𝑢0) × 2e𝑧 , (2− a𝑧 − 𝑢̃0) × 2𝑝+𝑘, (2− a𝑧 − 𝑢0) × 2𝑝+𝑘. (11)

he following are (2) the numbers occurring during the intermediate
alculations in 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) and 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞):

1(𝑥),−2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥), 𝜁1,1(𝑥), 𝜁1,2(𝑥), 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞), 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞). (12)

ow, we consider the following cases.
Case 1-1: e𝑧 = −𝑝 + 𝑒𝑚𝑖𝑛. In this case, we have

= 2−𝑝+𝑒𝑚𝑖𝑛 , 𝑐𝑧 = 𝑝, 𝑘 = 3 − 2𝑝 − 𝑒0, (13)
𝑐−𝑐𝑧−𝑘 = 2−3+𝑝+𝑒0 , 2𝑝−e𝑧+𝑘 = 23−𝑒0−𝑒𝑚𝑖𝑛 , (2 − 𝑢0) × 2e𝑧 = 2−𝑝+𝑒𝑚𝑖𝑛 , (14)

2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘 = 23−𝑝−𝑒0 , (2 − a𝑧 − 𝑢0) × 2𝑝+𝑘 = 0, (15)

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2−3+𝑝+𝑒0 ⊗ ReLU
(

(−23−𝑒0−𝑒𝑚𝑖𝑛 ⊗ 𝑔1(𝑥))⊕ 23−𝑝−𝑒0
)

,

𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2−3+𝑝+𝑒0 ⊗ ReLU
(

−23−𝑒0−𝑒𝑚𝑖𝑛 ⊗ 𝑔1(𝑥)
)

,

here 𝑔1(𝑥) = ReLU(−𝑥 ⊕ 2−𝑝+𝑒𝑚𝑖𝑛 ).
If −(2 − 𝑢) × 2−2+𝑒0 ≤ 𝑥 ≤ 0, we have

−𝑝+𝑒𝑚𝑖𝑛 ≤ ReLU(−𝑥 ⊕ 2−𝑝+𝑒𝑚𝑖𝑛 )

≤ ReLU((2 − 𝑢) × 2−2+𝑒0 ⊕ 2−𝑝+𝑒𝑚𝑖𝑛 ) = (2 − 𝑢) × 2−2+𝑒0 ,
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where the last equation is due to Lemma 26. Therefore,

2−𝑝+𝑒𝑚𝑖𝑛 ≤ 𝑔1(𝑥) ≤ (2 − 𝑢) × 2−2+𝑒0 , (16)

hich leads to

− 23−𝑒0−𝑒𝑚𝑖𝑛 ⊗ 𝑔1(𝑥) ≤ −23−𝑒0−𝑒𝑚𝑖𝑛 ⊗ 2−𝑝+𝑒𝑚𝑖𝑛 = −23−𝑝−𝑒0 , (17)

nd

− 23−𝑒0−𝑒𝑚𝑖𝑛 ⊗ 𝑔1(𝑥) ≥ −(2 − 𝑢) × 21−𝑒𝑚𝑖𝑛 = −(2 − 𝑢) × 2𝑒𝑚𝑎𝑥 . (18)

ence, the following inequalities hold:

− (2 − 𝑢) × 2𝑒𝑚𝑎𝑥 ≤ 𝜁1,1(𝑥) ≤ 0, (19)

− (2 − 𝑢) × 2𝑒𝑚𝑎𝑥 ≤ 𝜁1,2(𝑥) ≤ 0. (20)

herefore,

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 0, (21)

hich leads to 𝑓1(𝑥;F𝑝,𝑞) = 0.
If 2−𝑝+𝑒𝑚𝑖𝑛 ≤ 𝑥 ≤ 𝛺, we have

eLU(2−𝑝+𝑒𝑚𝑖𝑛 ⊖ 𝑥) = 0, 𝜁1,1(𝑥) = 23−𝑝−𝑒0 , 𝜁1,2(𝑥) = 0, (22)

leading to 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 1, 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 0, 𝑓1(𝑥;F𝑝,𝑞) = 1.
Representability test for Case 1-1. (1) We check that the param-

eters in Eqs. (14) and (15) are representable by F𝑝,𝑞 . Since

−3 + 𝑝 + 𝑒0 ≤ −3 + (2𝑞−2 + 2) + (2𝑞−2 − 1) = 2𝑞−1 − 2 < 𝑒𝑚𝑎𝑥,

2−3+𝑝+𝑒0 is representable by F𝑝,𝑞 . Apparently, 23−𝑒0−𝑒𝑚𝑖𝑛 , 2−𝑝+𝑒𝑚𝑖𝑛 , 23−𝑝−𝑒0 ,
23−𝑝−𝑒0 , and 0 are representable by F𝑝,𝑞 .

(2) We check that the intermediate numbers in Eq. (12) are repre-
sentable by F𝑝,𝑞 , which is apparent by Eqs. (16)–(22)

Therefore, we conclude

𝑓1(𝑥;F𝑝,𝑞)

{

= 0 if − (2 − 𝑢) × 2−2+𝑒0 ≤ 𝑥 ≤ 0,
= 1 if 2−𝑝+𝑒𝑚𝑖𝑛 ≤ 𝑥 ≤ 𝛺.

(23)

Case 1-2: 1 − 𝑝 + 𝑒𝑚𝑖𝑛 ≤ e𝑧 ≤ 0.
In this case, we have 𝑘 = 3 − 𝑝 − 𝑒0 − 𝑐𝑧. Let 𝛺1 = min{𝛺, (2 − 𝑢) ×

2−3+𝑒𝑚𝑎𝑥+𝑒0+e𝑧+𝑐𝑧}. Since

−3 + 𝑒𝑚𝑎𝑥 + 𝑒0 + e𝑧 + 𝑐𝑧 ≥ −3 + 𝑒0 + (𝑒𝑚𝑎𝑥 + 𝑒𝑚𝑖𝑛) = −2 + 𝑒0,

we have 𝛺1 ≥ (2 − 𝑢) × 2−2+𝑒0 .
Suppose −𝛺1 ≤ 𝑥 ≤ (2−2𝑢0)×2−1+e𝑧 . If −𝛺1 ≤ 𝑥 ≤ −22+𝑝+e𝑧 , we have

(2−𝑢0)×2e𝑧 ⊖𝑥 = −𝑥 by Lemma 26. If −22+𝑝+e𝑧 < 𝑥 ≤ (2−2𝑢0)×2−1+e𝑧 ,
we have (2 − 𝑢0) × 2−1+e𝑧 ≤ (2 − 𝑢0) × 2e𝑧 ⊖ 𝑥 < 22+𝑝+e𝑧 . Therefore, we
have

2e𝑧 ≤ 𝑔1(𝑥) ≤ 𝛺1, (24)

Since

2𝑝−e𝑧+𝑘 ⊗𝛺1 ≤ 2𝑝−e𝑧+𝑘 ⊗ (2 − 𝑢) × 2−3+𝑒𝑚𝑎𝑥+𝑒0+e𝑧+𝑐𝑧 = (2 − 𝑢) × 2𝑒𝑚𝑎𝑥 = 𝛺,

we have 2𝑝−e𝑧+𝑘 ⊗𝛺1 ≤ 𝛺. If 𝛺1 = (2 − 𝑢) × 2−3+𝑒𝑚𝑎𝑥+𝑒0+e𝑧+𝑐𝑧 , we have
2𝑝−e𝑧+𝑘 ⊗𝛺1 = 𝛺. Hence, 2𝑝−e𝑧+𝑘 ⊗𝛺1 ≥ 𝛺 ≥ (2 − 𝑢) × 24+𝑒0 . If 𝛺1 = 𝛺,
since

𝑝 − e𝑧 + 𝑘 + 𝑒𝑚𝑎𝑥 = 𝑝 − e𝑧 + (3 − 𝑝 − 𝑒0 − 𝑐𝑧) + 𝑒𝑚𝑎𝑥
= 3 − 𝑒0 − (e𝑧 + 𝑐𝑧) + 𝑒𝑚𝑎𝑥 ≥ 3 − 𝑒0 + 𝑒𝑚𝑎𝑥 = 4 + 𝑒0,

we have 2𝑝−e𝑧+𝑘 ⊗𝛺1 ≥ (2 − 𝑢) × 24+𝑒0 . Therefore, we conclude that

(2 − 𝑢) × 24+𝑒0 ≤ 2𝑝−e𝑧+𝑘 ⊗𝛺1 ≤ 𝛺. (25)

By Lemma 24, −2𝑝+𝑘⊕ (2−a𝑧− 𝑢̃0)×2𝑝+𝑘 and −2𝑝+𝑘⊕ (2−a𝑧−𝑢0)×2𝑝+𝑘

are exact. Together with Eq. (24) and Eq. (25), we have

2e𝑧 ≤ 𝑔1(𝑥) ≤ 𝛺1,

− (2 − 𝑢) × 24+𝑒0 ≤ −2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥) ≤ −2𝑝+𝑘, (26)
4+𝑒0 𝑝+𝑘
12

− (2 − 𝑢) × 2 ≤ 𝜁1,1(𝑥) ≤ −(a𝑧 − 1 + 𝑢̃0) × 2 < 0, (27)
− (2 − 𝑢) × 24+𝑒0 ≤ 𝜁1,2(𝑥) ≤ −(a𝑧 − 1 + 𝑢0) × 2+𝑝+𝑘 < 0, (28)

which leads to 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 0.
If 2e𝑧 ≤ 𝑥 ≤ (2 − 2𝑢0) × 2e𝑧 , −𝑥 ⊕ ((2 − 𝑢0) × 2e𝑧 ) is exact by

Lemma 13. Therefore, we have 2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥) = (𝑛1 × 2−𝑝+𝑐𝑧 ) × 2𝑝+𝑘

where 𝑛1 = 1, 2,… , 2𝑝−𝑐𝑧 − 1 which leads to

2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥) ≤ (2 − 2𝑢0) × 2−1+𝑝+𝑘, 𝜇(2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥)) ≥ 𝑘. (29)

We consider the following cases.
Case 1-2-1: a𝑧 ≠ 1.
In this case, we have

2𝑘 ≤ (2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘, (2 − a𝑧 − 𝑢0) × 2𝑝+𝑘 < 2𝑝+𝑘, (30)
𝜇((2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘), 𝜇((2 − a𝑧 − 𝑢0) × 2𝑝+𝑘) ≥ 𝑘.

Case 1-2-2: a𝑧 = 1.
In this case, we have

(2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘 = (2 − 𝑢0) × 2−1+𝑝+𝑘, (31)

(2 − a𝑧 − 𝑢0) × 2𝑝+𝑘 = (2 − 2𝑢0) × 2−1+𝑝+𝑘. (32)

In both cases, since 𝜇(2𝑝−e𝑧+𝑘⊗𝑔1(𝑥)) ≥ 𝑘, by Lemma 24, all operations
in 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) and 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) are exact. Hence

𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 × ReLU
(

2𝑝−e𝑧+𝑘 × 𝑥 − ((a𝑧 − 𝑢0 + 𝑢̃0) × 2𝑝+𝑘)
)

,

(33)

𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 × ReLU
(

2𝑝−e𝑧+𝑘 × 𝑥 − (a𝑧 × 2𝑝+𝑘)
)

, (34)

with 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝]. Therefore, we have

𝑓1(𝑥;F𝑝,𝑞) =

{

0 if (2 − 𝑢0) × 2−1+e𝑧 ≤ 𝑥 ≤ 𝑧−,
1 if 𝑧 ≤ 𝑥 ≤ (2 − 2𝑢0) × 2e𝑧 .

If (2 − 𝑢0) × 2e𝑧 ≤ 𝑥 ≤ 𝛺, we have 𝑔1(𝑥) = 0. Hence

𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 ⊗ ((2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘), (35)

𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 ⊗ ((2 − a𝑧 − 𝑢0) × 2𝑝+𝑘), (36)

𝑓1(𝑥;F𝑝,𝑞) = 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 2𝑝+𝑐−𝑐𝑧 × (𝑢0 − 𝑢̃0) = 1. (37)

with 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝].
Representability test for Case 1-2.
(1) We check that the parameters in Eq. (11) are representable by

F𝑝,𝑞 . Since

𝑒𝑚𝑖𝑛 < 𝑐 − 𝑐𝑧 − 𝑘 ≤ 1 − (3 − 𝑝 − 𝑒0) = −2 + 𝑝 + 𝑒0
= −2 + (2𝑞−2 + 2) + (2𝑞−2 − 1) ≤ 2𝑞−1 − 1 = 𝑒𝑚𝑎𝑥,

𝑒𝑚𝑖𝑛 < 3 − 𝑒0 ≤ 𝑝 − e𝑧 + 𝑘 = 𝑝 − e𝑧 + (3 − 𝑝 − 𝑒0 − 𝑐𝑧)

= (3 − 𝑒0) + (−e𝑧 − 𝑐𝑧) ≤ 3 − 𝑒0 − 𝑒𝑚𝑖𝑛
= 3 − (2𝑞−2 − 1) + (2𝑞−1 − 2) = 2𝑞−2 + 2 < 𝑒𝑚𝑎𝑥,

2𝑐−𝑐𝑧−𝑘 and 2𝑝−e𝑧+𝑘 are representable by F𝑝,𝑞 . Since

𝑒𝑚𝑖𝑛 = −2𝑞−1 + 2 ≤ 4 − 𝑝 − 2𝑞−2 ≤ 3 − 𝑝 − 𝑒0 ≤ 𝑝 + 𝑘 = 3 − 𝑒0 − 𝑐𝑧 < 𝑒𝑚𝑎𝑥,

𝑒𝑚𝑖𝑛 < 3 − 𝑝 − 𝑒0 = (−𝑝 + 𝑐𝑧) + (𝑝 + 𝑘) ≤ 𝜇(𝑡) ≤ e𝑡 ≤ 𝑝 + 𝑘 < 𝑒𝑚𝑎𝑥,

e𝑡 − 𝜇(𝑡) ≤ (𝑝 + 𝑘) − (−(𝑝 − 𝑐𝑧) + (𝑝 + 𝑘)) = 𝑝 − 𝑐𝑧,

where a𝑧 ≠ 2− 𝑢0 for 𝑡 = (2− a𝑧 − 𝑢̃0) × 2𝑝+𝑘, (2− a𝑧 − 𝑢0) × 2𝑝+𝑘, they are
representable by F𝑝,𝑞 . If a𝑧 = 2−𝑢0, it is obvious. Apparently, (2−𝑢0)×2e𝑧
is representable by F𝑝,𝑞 .

(2) We check that the intermediate numbers in Eq. (12) are rep-
resentable by F𝑝,𝑞 , which is apparent by Eqs. (24) and (26)–(37).
Therefore, we conclude

𝑓1(𝑥; 𝑧)

{

= 0 if −𝛺1 ≤ 𝑥 ≤ 𝑧−,
= 1 if 𝑧 ≤ 𝑥 ≤ 𝛺.

Case 1-3: 0 < e𝑧 ≤ −2 − 𝑝 + 𝑒𝑚𝑎𝑥. In this case, 𝑐𝑧 = 0, 𝑢0 = 𝑢, and
𝑘 = −𝑝 + 𝑒 .
0
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Let 𝛺2 = min{𝛺, (2 − 𝑢) × 2𝑒𝑚𝑎𝑥−𝑒0+e𝑧}. Since

𝑚𝑎𝑥 − 𝑒0 + e𝑧 ≥ 𝑒𝑚𝑎𝑥 − 𝑒0 + 1 = 2 + 𝑒0,

e have 𝛺2 ≥ (2 − 𝑢) × 22+𝑒0 .
Suppose −𝛺2 ≤ 𝑥 ≤ (2− 𝑢)×2−1+e𝑧 . If −𝛺2 ≤ 𝑥 < −min{𝛺2, 22+𝑝+e𝑧},

e have (2 − 𝑢) × 2e𝑧 ⊖ 𝑥 = −𝑥 by Lemma 26. If −min{𝛺2, 22+𝑝+e𝑧} <
≤ (2− 𝑢) × 2−1+e𝑧 , we have (2− 𝑢) × 2−1+e𝑧 ≤ (2− 𝑢) × 2e𝑧 ⊖𝑥 < 22+𝑝+e𝑧 .
herefore, we have

2 − 𝑢) × 2−1+e𝑧 ≤ 𝑔1(𝑥) ≤ 𝛺2, (38)

f 𝛺2 = (2 − 𝑢) × 2𝑒𝑚𝑎𝑥−𝑒0+e𝑧 , we have 2𝑝−e𝑧+𝑘 ⊗𝛺2 = 𝛺. If 𝛺2 = 𝛺, we
ave (2 − 𝑢) × 2𝑒0 ≤ (2 − 𝑢) × 2−e𝑧+𝑒0+𝑒𝑚𝑎𝑥 = 2𝑝−e𝑧+𝑘 ⊗𝛺2. Therefore, we
ave

2 − 𝑢) × 2𝑒0 ≤ 2𝑝−e𝑧+𝑘 ⊗𝛺2. (39)

ence, Eq. (38) and Eq. (39) lead to

(2 − 𝑢) × 2𝑒0 ≤ −2𝑝−e𝑧+𝑘 ⊗ 𝑔1(𝑥) ≤ −(2 − 𝑢) × 2−1+𝑝+𝑘. (40)

y Lemma 24, −(2 − 𝑢) × 2−1+𝑝+𝑘 ⊕ (2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘 and −(2 − 𝑢) ×
−1+𝑝+𝑘⊕(2−a𝑧−𝑢)×2𝑝+𝑘 are exact. Together with Eq. (38) and Eq. (39),
e have

− (2 − 𝑢) × 2𝑒0 ≤ 𝜁1,1(𝑥) ≤ −(2(a𝑧 − 1) − 𝑢 + 2𝑢̃) × 2−1+𝑝+𝑘 ≤ 0, (41)

− (2 − 𝑢) × 2𝑒0 ≤ 𝜁1,2(𝑥) ≤ −(2(a𝑧 − 1) + 𝑢) × 2−1+𝑝+𝑘 < 0, (42)

hich leads to 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 0.
If 2e𝑧 ≤ 𝑥 ≤ (2 − 2𝑢) × 2e𝑧 , by similar arguments in Case 1-2 and

𝑚𝑖𝑛 < −1 + 𝑝 + 𝑘, 𝑝 + 𝑘 < 𝑒𝑚𝑎𝑥, we have the same results as those
n Eqs. (29)–(32) from Case 1-2. Since 𝜇(2𝑝−e𝑧+𝑘) ⊗ 𝑔1(𝑥) ≥ 𝑘, by
emma 24 all operations in 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) and 𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) are exact.
ence

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 × ReLU
(

2𝑝−e𝑧+𝑘 × 𝑥 − ((a𝑧 − 𝑢 + 𝑢̃) × 2𝑝+𝑘)
)

, (43)

𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 × ReLU
(

2𝑝−e𝑧+𝑘 × 𝑥 − (a𝑧 × 2𝑝+𝑘)
)

, (44)

ith 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) ∈ [2𝑝]. Therefore,

1(𝑥;F𝑝,𝑞) =

{

0 if (2 − 𝑢) × 2−1+e𝑧 ≤ 𝑥 ≤ 𝑧−,
1 if 𝑧 ≤ 𝑥 ≤ (2 − 2𝑢) × 2e𝑧 .

f (2 − 𝑢) × 2e𝑧 ≤ 𝑥 ≤ 𝛺, we have 𝑔1(𝑥) = 0. Hence

𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 ⊗ ((2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘), (45)

𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 ⊗ ((2 − a𝑧 − 𝑢0) × 2𝑝+𝑘), (46)

1(𝑥;F𝑝,𝑞) = 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 2𝑝+𝑐−𝑐𝑧 × (𝑢0 − 𝑢̃0) = 1,

(47)

ith 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝].
Representability test for Case 1-3. (1) We check that the param-

ters in Eq. (11) are representable by F𝑝,𝑞 . Since

𝑚𝑖𝑛 ≤ 𝑝 − 𝑒0 ≤ 𝑐 − 𝑐𝑧 − 𝑘 ≤ 1 − (−𝑝 + 𝑒0) = 1 + 𝑝 − 𝑒0 < 𝑒𝑚𝑎𝑥,

− 𝑝 + 𝑒𝑚𝑖𝑛 ≤ 1 − 𝑝 − 𝑒𝑚𝑎𝑥 = 𝑝 − (−2 − 𝑝 + 𝑒𝑚𝑎𝑥) + (−𝑝 + 𝑒0)

≤ 𝑝 − e𝑧 + 𝑘 = 𝑝 − e𝑧 + (−𝑝 + 𝑒0) = 𝑒0 − e𝑧 < 𝑒𝑚𝑎𝑥,

𝑒𝑚𝑖𝑛 < 𝑝 + 𝑘 = 𝑝 + (−𝑝 + 𝑒0) = 𝑒0 < 𝑒𝑚𝑎𝑥,

2𝑐−𝑐𝑧−𝑘, 2𝑝−e𝑧+𝑘, (2−a𝑧−𝑢̃0)×2𝑝+𝑘, and (2−a𝑧−𝑢0)×2𝑝+𝑘 are representable
by F𝑝,𝑞 . Apparently, (2 − 𝑢0) × 2e𝑧 is representable by F𝑝,𝑞 .

(2) We check that the intermediate numbers in Eq. (12) are repre-
sentable by F𝑝,𝑞 , which is apparent by Eqs. (38) and (40)–(47). Hence,
we conclude

𝑓1(𝑥; 𝑧)

{

= 0 if −𝛺2 ≤ 𝑥 ≤ 𝑧−,
(48)
13

= 1 if 𝑧 ≤ 𝑥 ≤ 𝛺.
Finally, combining Case 1-1, Case 1-2, and Case 1-3, since 𝛺1 ≥
(2 − 𝑢) × 2−2+𝑒0 and 𝛺2 ≥ (2 − 𝑢) × 22+𝑒0 , we conclude that

𝑓1(𝑥; 𝑧)

{

= 0 if − (2 − 𝑢) × 2−2+𝑒0 ≤ 𝑥 ≤ 𝑧−,
= 1 if 𝑧 ≤ 𝑥 ≤ 𝛺,

(49)

for all 𝑧 satisfying 0 < 𝑧 ≤ (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 .
To construct 𝟏[𝑥 ≤ 𝑧], we define a three-layer ReLU network

𝑓2(𝑥;F𝑝,𝑞) as follows:

𝑓2(𝑥;F𝑝,𝑞) = 𝜓𝜃2,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜓𝜃2,2,𝑧 (𝑥;F𝑝,𝑞), (50)

where

𝜓𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞), 𝜓𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞),

𝜙𝜃2,1 ,𝑧(𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 ⊗ ReLU
(

(−2𝑝−e𝑧+𝑘 ⊗ ReLU(𝑔2(𝑥)))⊕ (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘
)

,

𝜙𝜃2,2 ,𝑧(𝑥;F𝑝,𝑞) = −2−𝑐𝑧−𝑘 ⊗ ReLU
(

(−2𝑝−e𝑧+𝑘 ⊗ ReLU(𝑔2(𝑥)))⊕ (a𝑧 − 1) × 2𝑝+𝑘
)

.

Here, 𝑔2(𝑥) is defined as

𝑔2(𝑥) = 𝑥 ⊖ 2e𝑧 .

Let

𝜁2,1(𝑥) ∶= (−2𝑝−e𝑧+𝑘 ⊗ ReLU(𝑔2(𝑥)))⊕ (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘,

𝜁2,2(𝑥) ∶= (−2𝑝−e𝑧+𝑘 ⊗ ReLU(𝑔2(𝑥)))⊕ (a𝑧 − 1) × 2𝑝+𝑘,

𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 ⊗ ReLU(𝜁2,1(𝑥)),

𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = −2−𝑐𝑧−𝑘 ⊗ ReLU(𝜁2,2(𝑥)).

Note that (1) the following are parameters in 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) and 𝜙𝜃2,2,𝑧
(𝑥;F𝑝,𝑞):

2−𝑐𝑧−𝑘, 2𝑝−e𝑧+𝑘, 2e𝑧 , (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘, (a𝑧 − 1) × 2𝑝+𝑘. (51)

The following are (2) the numbers occurring during the intermediate
calculations in 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) and 𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞):

𝑔2(𝑥),−2𝑝−e𝑧+𝑘 ⊗ 𝑔2(𝑥), 𝜁2,1(𝑥), 𝜁2,2(𝑥), 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞), 𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞). (52)

We consider the following cases.
Case 2-1: −𝑝 + 𝑒𝑚𝑖𝑛 ≤ e𝑧 ≤ 0.
In this case, we have 𝑘 = 3 − 𝑝 − 𝑒0 − 𝑐𝑧.
If −𝛺 ≤ 𝑥 ≤ 2e𝑧 , we have 𝑔2(𝑥) = 0. Hence we have

𝜁2,1(𝑥) = (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘, 𝜁2,2(𝑥) = (a𝑧 − 1) × 2𝑝+𝑘, (53)
𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 ⊗ ReLU((a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘) = (a𝑧 − 1 + 𝑢0) × 2𝑝−𝑐𝑧 ,

(54)

𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = −2−𝑐𝑧−𝑘 ⊗ ReLU((a𝑧 − 1) × 2𝑝+𝑘) = −(a𝑧 − 1) × 2𝑝−𝑐𝑧 , (55)

𝑓2(𝑥;F𝑝,𝑞) = 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 × 𝑢0 = 1, (56)

with 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝].
If (1 + 𝑢0) × 2e𝑧 ≤ 𝑥 ≤ (2 − 𝑢0) × 2e𝑧 , 𝑥 ⊖ 2e𝑧 is exact by Lemma 13.

hen 𝑔2(𝑥) = 𝑥−2e𝑧 = 𝑛2 ×2−𝑝+e𝑧+𝑐𝑧 where 𝑛2 ∈ [2𝑝−𝑐𝑧 −1], which leads
o

< 2𝑝−e𝑧+𝑘 ⊗ ReLU(𝑔2(𝑥)) ≤ (2 − 𝑢0) × 2−1+𝑝+𝑘, (57)

(2𝑝−e𝑧+𝑘 ⊗ ReLU(𝑔2(𝑥))) ≥ 𝑘. (58)

ince

≤ (a𝑧 − 1) × 2𝑝+𝑘, (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘 < 21+𝑝+𝑘, (59)

by Lemma 24, all operations in 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) and 𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) are
xact. Hence,

𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 ⊗ ReLU
(

−2𝑝−e𝑧+𝑘 × 𝑥 + (a𝑧 + 𝑢0) × 2𝑝+𝑘
)

, (60)

𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = −2−𝑐𝑧−𝑘 ⊗ ReLU
(

−2𝑝−e𝑧+𝑘 × 𝑥 + a𝑧 × 2𝑝+𝑘
)

, (61)

ith 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝]. Therefore, we have

2(𝑥;F𝑝,𝑞) =

{

1 if (1 + 𝑢0) × 2e𝑧 ≤ 𝑥 ≤ 𝑧,
+ e𝑧
0 if 𝑧 ≤ 𝑥 ≤ (2 − 𝑢0) × 2 .
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Suppose 21+e𝑧 ≤ 𝑥 ≤ 𝛺1. If 21+e𝑧 ≤ 𝑥 < 22+𝑝+e𝑧 , we have 2e𝑧 ≤ 𝑥⊖ 2e𝑧 <
2+𝑝+e𝑧 . If 22+𝑝+e𝑧 ≤ 𝑥 ≤ 𝛺1, we have 𝑥 ⊖ 2e𝑧 = 𝑥 by Lemma 26.
herefore, we have
e𝑧 ≤ 𝑔2(𝑥) ≤ 𝛺1, (62)

y Lemma 24, −2𝑝+𝑘 ⊕ (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘 and −2𝑝+𝑘 ⊕ (a𝑧 − 1) × 2𝑝+𝑘

re exact. Together with Eq. (25) and Eq. (63), we have
e𝑧 ≤ 𝑔2(𝑥) ≤ 𝛺1,

− (2 − 𝑢) × 24+𝑒0 ≤ −2𝑝−e𝑧+𝑘 ⊗ 𝑔2(𝑥) ≤ −2𝑝+𝑘, (63)

− (2 − 𝑢) × 24+𝑒0 ≤ 𝜁2,1(𝑥) ≤ −(2 − a𝑧 − 𝑢0) × 2𝑝+𝑘 ≤ 0, (64)

− (2 − 𝑢) × 24+𝑒0 ≤ 𝜁2,2(𝑥) ≤ −(2 − a𝑧) × 2𝑝+𝑘 < 0, (65)

which leads to 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = 0.
Representability test for Case 2-1.
(1) We check that the parameters in Eq. (51) are representable

by F𝑝,𝑞 . Since 2−𝑐𝑧−𝑘, 2𝑝−e𝑧 are shown to be representable by F𝑝,𝑞 in
Case 1-1 and Case 1-2 and 2e𝑧 is obvious, we only need to check
(a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘 and (a𝑧 − 1) × 2𝑝+𝑘. Since

𝑒𝑚𝑖𝑛 = −2𝑞−1 + 2 ≤ 4 − 𝑝 − 2𝑞−2 ≤ 3 − 𝑝 − 𝑒0 ≤ 𝑝 + 𝑘 = 3 − 𝑒0 − 𝑐𝑧 < 𝑒𝑚𝑎𝑥,

𝑒𝑚𝑖𝑛 < 3 − 𝑝 − 𝑒0 = (−𝑝 + 𝑐𝑧) + (𝑝 + 𝑘) ≤ 𝜇(𝑡) ≤ e𝑡 ≤ 𝑝 + 𝑘 < 𝑒𝑚𝑎𝑥,

e𝑡 − 𝜇(𝑡) ≤ (𝑝 + 𝑘) − (−(𝑝 − 𝑐𝑧) + (𝑝 + 𝑘)) = 𝑝 − 𝑐𝑧,

where a𝑥 ≠ 1 for 𝑡 = (a𝑧 − 1 + 𝑢0) × 2𝑝+𝑘, (a𝑧 − 1) × 2𝑝+𝑘, they are
representable by F𝑝,𝑞 . If a𝑥 = 1, it is obvious.

(2) We check that the intermediate numbers in Eq. (52) are repre-
sentable by F𝑝,𝑞 , which is apparent by Eqs. (53)–(65). Therefore, we
conclude

𝑓2(𝑥;F𝑝,𝑞)

{

= 1 if −𝛺 ≤ 𝑥 ≤ 𝑧,
= 0 if 𝑧+ ≤ 𝑥 ≤ 𝛺1.

(66)

Case 2-2: 0 < e𝑧 ≤ −2 − 𝑝 + 𝑒𝑚𝑎𝑥.
In this case, 𝑐𝑧 = 0, 𝑢0 = 𝑢, and 𝑘 = −𝑝 + 𝑒0.
If −𝛺 ≤ 𝑥 ≤ 2e𝑧 , we have 𝑔2(𝑥) = 0. Similar to Case 2-1, we have

𝜁2,1(𝑥) = (a𝑧 − 1 + 𝑢) × 2𝑝+𝑘, 𝜁2,2(𝑥) = (a𝑧 − 1) × 2𝑝+𝑘, (67)
𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 ⊗ ReLU((a𝑧 − 1 + 𝑢) × 2𝑝+𝑘) = (a𝑧 − 1 + 𝑢) × 2𝑝−𝑐𝑧 ,

(68)
𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = −2−𝑐𝑧−𝑘 ⊗ ReLU((a𝑧 − 1) × 2𝑝+𝑘) = −(a𝑧 − 1) × 2𝑝−𝑐𝑧 ,

(69)

𝑓2(𝑥;F𝑝,𝑞) = 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 × 𝑢 = 1, (70)

with 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝].
If (1 + 𝑢) × 2e𝑧 ≤ 𝑥 ≤ (2 − 𝑢) × 2e𝑧 , by similar arguments in Case 2-1

with 𝑒𝑚𝑖𝑛 ≤ 𝑝+𝑘 ≤ 𝑒𝑚𝑎𝑥, we have the same results as those in Eqs. (57)–
(59) from Case 2-1. By Lemma 24, all operations in 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) and
𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) are exact. Hence,

𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 2−𝑐𝑧−𝑘 ⊗ ReLU
(

−2𝑝−e𝑧+𝑘 × 𝑥 + (a𝑧 + 𝑢) × 2𝑝+𝑘
)

, (71)

𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = −2−𝑐𝑧−𝑘 ⊗ ReLU
(

−2𝑝−e𝑧+𝑘 × 𝑥 + a𝑧 × 2𝑝+𝑘
)

, (72)

with |𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞)|, |𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞)| ∈ {0} ∪ [2𝑝]. Therefore, we have

𝑓2(𝑥;F𝑝,𝑞) =

{

1 if (1 + 𝑢) × 2e𝑧 ≤ 𝑥 ≤ 𝑧,
0 if 𝑧+ ≤ 𝑥 ≤ (2 − 𝑢) × 2e𝑧 .

𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞) = 2𝑐−𝑐𝑧−𝑘 ⊗ ((2 − a𝑧 − 𝑢̃0) × 2𝑝+𝑘), (73)

𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = −2𝑐−𝑐𝑧−𝑘 ⊗ ((2 − a𝑧 − 𝑢) × 2𝑝+𝑘), (74)

𝑓1(𝑥;F𝑝,𝑞) = 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞)⊕𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) = 2𝑝+𝑐−𝑐𝑧 × (𝑢 − 𝑢̃0) = 1, (75)

with 𝜙𝜃1,1,𝑧 (𝑥;F𝑝,𝑞),−𝜙𝜃1,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝].
Suppose 21+e𝑧 ≤ 𝑥 ≤ 𝛺2. If 21+e𝑧 ≤ 𝑥 < min{𝛺2, 22+𝑝+e𝑧}, we have

e𝑧 e𝑧 2+𝑝+e𝑧 2+𝑝+e𝑧
14

2 ≤ 𝑥⊖ 2 < min{𝛺2, 2 }. If min{𝛺2, 2 } ≤ 𝑥 ≤ 𝛺2, we have
𝑥 ⊖ 2e𝑧 = 𝑥 by Lemma 26. Therefore, we have

2e𝑧 ≤ 𝑔2(𝑥) ≤ 𝛺2, (76)

By Lemma 24, −2𝑝+𝑘⊕ (a𝑧 −1+ 𝑢) × 2𝑝+𝑘 and −2𝑝+𝑘⊕ (a𝑧 −1) × 2𝑝+𝑘 are
exact. Together with Eq. (39) and Eq. (76), we have

2e𝑧 ≤ 𝑔2(𝑥) ≤ 𝛺2,

− (2 − 𝑢) × 2𝑒0 ≤ −2𝑝−e𝑧+𝑘 ⊗ 𝑔2(𝑥) ≤ −2𝑝+𝑘, (77)

− (2 − 𝑢) × 2𝑒0 ≤ 𝜁2,1(𝑥) ≤ −(2 − a𝑧 − 𝑢) × 2𝑝+𝑘 ≤ 0, (78)

− (2 − 𝑢) × 2𝑒0 ≤ 𝜁2,2(𝑥) ≤ −(2 − a𝑧) × 2𝑝+𝑘 < 0, (79)

which leads to 𝜙𝜃2,1,𝑧 (𝑥;F𝑝,𝑞) = 𝜙𝜃2,2,𝑧 (𝑥;F𝑝,𝑞) = 0.
Representability test for Case 2-2.
(1) We check that the parameters in Eq. (51) are representable by

F𝑝,𝑞 . Since 2−𝑐𝑧−𝑘, 2𝑝−e𝑧 are shown to be representable by F𝑝,𝑞 in Case
1-3 and 2e𝑧 is obvious, we only need to check (a𝑧 − 1 + 𝑢) × 2𝑝+𝑘 and
(a𝑧 − 1) × 2𝑝+𝑘. Since

𝑒𝑚𝑖𝑛 < 𝑝 + 𝑘 = 𝑒0 < 𝑒𝑚𝑎𝑥,

𝑒𝑚𝑖𝑛 < −𝑝 + 𝑒0 = (−𝑝 + 𝑐𝑧) + (𝑝 + 𝑘) ≤ 𝜇(𝑡) ≤ e𝑡 ≤ 𝑝 + 𝑘 < 𝑒𝑚𝑎𝑥,

e𝑡 − 𝜇(𝑡) ≤ (𝑝 + 𝑘) − (−(𝑝 − 𝑐𝑧) + (𝑝 + 𝑘)) = 𝑝 − 𝑐𝑧,

where a𝑥 ≠ 1 for 𝑡 = (a𝑧−1+𝑢)×2𝑝+𝑘, (a𝑧−1)×2𝑝+𝑘, they are representable
by F𝑝,𝑞 . If a𝑥 = 1, it is obvious.

(2) We check that the intermediate numbers in Eq. (52) are repre-
sentable by F𝑝,𝑞 , which is apparent by Eqs. (67)–(79). Therefore, we
conclude

𝑓2(𝑥;F𝑝,𝑞)

{

= 1 if −𝛺 ≤ 𝑥 ≤ 𝑧,
= 0 if 𝑧+ ≤ 𝑥 ≤ 𝛺2.

(80)

Finally, combining Case 2-1 and Case 2-2, since 𝛺1 ≥ (2 − 𝑢) × 2−2+𝑒0
and 𝛺2 ≥ (2 − 𝑢) × 22+𝑒0 , we conclude that

𝑓2(𝑥;F𝑝,𝑞)

{

= 1 if −𝛺 ≤ 𝑥 ≤ 𝑧,
= 0 if 𝑧+ ≤ 𝑥 ≤ (2 − 𝑢) × 2−2+𝑒0 ,

(81)

for all 𝑧 satisfying 0 < 𝑧 ≤ (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 .
Now, we consider 𝑧 < 0, we define

𝑓1(𝑥;F𝑝,𝑞) = 𝜓1,1,𝑧(𝑥;F𝑝,𝑞)⊕𝜓1,2,𝑧(𝑥;F𝑝,𝑞),

𝑓2(𝑥;F𝑝,𝑞) = 𝜓2,1,𝑧(𝑥;F𝑝,𝑞)⊕𝜓2,2,𝑧(𝑥;F𝑝,𝑞),

𝜓1,1,𝑧(𝑥;F𝑝,𝑞) = 𝜙2,1,−𝑧(−𝑥;F𝑝,𝑞), 𝜓1,2,𝑧(𝑥;F𝑝,𝑞) = 𝜙2,2,−𝑧(−𝑥;F𝑝,𝑞),

𝜓2,1,𝑧(𝑥;F𝑝,𝑞) = 𝜙1,1,−𝑧(−𝑥;F𝑝,𝑞), 𝜓2,2,𝑧(𝑥;F𝑝,𝑞) = 𝜙1,2,−𝑧(−𝑥;F𝑝,𝑞).

Then we have

𝑓1(𝑥;F𝑝,𝑞) = 𝜙𝜃2,1,−𝑧 (−𝑥;F𝑝,𝑞)⊕𝜙𝜃2,2,−𝑧 (−𝑥;F𝑝,𝑞)

=

{

0 if − (2 − 𝑢) × 2−2+𝑒0 ≤ 𝑥 ≤ 𝑧−,
1 if 𝑧 ≤ 𝑥 ≤ 𝛺,

𝑓2(𝑥;F𝑝,𝑞) = 𝜙𝜃1,1,−𝑧 (−𝑥;F𝑝,𝑞)⊕𝜙𝜃1,2,−𝑧 (−𝑥;F𝑝,𝑞)

=

{

1 if −𝛺 ≤ 𝑥 ≤ 𝑧,
0 if 𝑧+ ≤ 𝑥 ≤ (2 − 𝑢) × 2−2+𝑒0 ,

for all 𝑧 satisfying −(2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 ≤ 𝑧 < 0.
Finally, we have 𝜓𝜃𝑖,1,𝑧 (𝑥;F𝑝,𝑞). − 𝜓𝜃𝑖,2,𝑧 (𝑥;F𝑝,𝑞) ∈ {0} ∪ [2𝑝] for all

𝑖 ∈ {1, 2}, and

𝑓1(𝑥;F𝑝,𝑞) =

{

0 if − (2 − 𝑢) × 2−2+𝑒0 ≤ 𝑥 ≤ 𝑧−,
1 if 𝑧 ≤ 𝑥 ≤ 𝛺,

𝑓2(𝑥;F𝑝,𝑞) =

{

1 if −𝛺 ≤ 𝑥 ≤ 𝑧,
0 if 𝑧+ ≤ 𝑥 ≤ (2 − 𝑢) × 2−2+𝑒0 ,

for all 𝑧 satisfying 0 < |𝑧| ≤ (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 .
Lastly, it is easy to observe that 𝜓𝜃𝑖,𝑗,𝑧 for all 𝑖, 𝑗 ∈ {1, 2} and

𝑧 ∈ F𝑝,𝑞 ⧵ {0} share the same network architecture of 3 layers and 5

parameters. This completes the proof. □



Neural Networks 175 (2024) 106297Y. Park et al.

S

f
t
𝐱

⨁

S

ℎ

w
L

s
s

f

ℎ

6.3. Proof of Theorem 8

The proof is almost identical to Theorem 2.
We define 𝑓𝜃 as follows.

𝑓𝜃 (𝐱;F𝑝,𝑞) =
𝑛

⨁

𝑖=1

(

𝑦𝑖 ⊗ 𝑓𝜃𝐳𝑖 ,𝐳𝑖 (𝐱,F𝑝,𝑞)
)

,

𝑓𝜃𝛼,𝛽 (𝐱,F𝑝,𝑞) = 1

[ 2𝑑
⨁

𝑖=1

(

𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝,𝑞)
)

⊖ 2𝑑

]

, ∀𝛼, 𝛽 ∈ F𝑑𝑝,𝑞 ,

𝑔2𝑗−1(𝑥𝑗 ;F𝑝,𝑞) = 1
[

−𝑥𝑗 + 𝛽𝑗 ≥ 0
]

, 𝑔2𝑗 (𝑥𝑗 ,F𝑝,𝑞) = 1
[

𝑥𝑗 ⊖ 𝛼𝑗 ≥ 0
]

, ∀𝑗 ∈ [𝑑].

From the definition of 𝑔𝑖, for 𝑖 ∈ [2𝑑], one can observe that

𝑔2𝑗−1(𝑥𝑗 ;F𝑝,𝑞) + 𝑔2𝑗 (𝑥𝑗 ;F𝑝,𝑞) =

{

2 if 𝑥𝑗 ∈ [𝛼𝑗 , 𝛽𝑗 ],
1 if 𝑥𝑗 ∉ [𝛼𝑗 , 𝛽𝑗 ].

Since ⨁𝑚
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝,𝑞) ≤ 𝑚 ≤ 21+𝑝 − 1 for 1 ≤ 𝑚 ≤ (2𝑑 − 1),

and |𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝,𝑞)| = 0, 1, by Lemma 25, ⨁2𝑑
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝,𝑞) is exact.

Therefore, we have ⨁2𝑑
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝,𝑞) = 2𝑑 if 𝐱 ∈

∏𝑑
𝑖=1[𝛼𝑖, 𝛽𝑖] and

⨁2𝑑
𝑖=1 𝑔𝑖(𝑥⌈𝑖∕2⌉Z ;F𝑝,𝑞) < 2𝑑 otherwise, i.e.,

𝑓𝜃𝛼,𝛽 (𝐱,F𝑝,𝑞) = 1

[

𝐱 ∈
𝑑
∏

𝑗=1
[𝛼𝑗 , 𝛽𝑗 ]

]

,

𝑓𝜃𝐳𝑖 ,𝐳𝑖 (𝐱,F𝑝,𝑞) = 1

[

𝐱 ∈
𝑑
∏

𝑗=1
[𝐳𝑖,𝑗 , 𝐳𝑖,𝑗 ]

]

= 1
[

𝐱 = 𝐳𝑖
]

.

Then, 𝑓𝜃 (𝐳𝑖;F𝑝,𝑞) = 𝑦𝑖 for all 𝑖 ∈ [𝑛] and 𝑓 can be implemented by a
three-layer Step network of 6𝑑𝑛+2𝑛 parameters (4𝑑𝑛 parameters for the
first layer, 2𝑑𝑛 + 𝑛 parameters for the second layer, and 𝑛 parameters
for the last layer).

6.4. Proof of Theorem 9

The proof is almost identical to Theorem 3.
If 𝜔−1

𝑓∗ (𝜀) ≥ 𝜂, for 𝐱, 𝐱′ ∈ F𝑝,𝑞 with ‖𝐱 − 𝐱′‖∞ ≤ 𝛿 = 𝜔−1
𝑓∗ (𝜀), we have

|𝑓 ∗(𝐱) − 𝑓 ∗(𝐱′)| ≤ 𝜀. If 𝜂 > 𝜔−1
𝑓∗ (𝜀), for 𝐱, 𝐱′ ∈ F𝑝,𝑞 with ‖𝐱−𝐱′‖∞ ≤ 𝛿 < 𝜂,

we have |𝑓 ∗(𝐱) − 𝑓 ∗(𝐱′)| = 0 since 𝐱 = 𝐱′. Hence for 𝐱, 𝐱′ ∈ F𝑝,𝑞 with
‖𝐱 − 𝐱′‖∞ ≤ 𝛿, we have

|𝑓 ∗(𝐱) − 𝑓 ∗(𝐱′)| ≤ 𝜀. (82)

Now, for each 𝑖 ∈ [𝐾], we define

𝛼𝑖 =

{

𝑖𝛿 if 𝑖 ∈ {0, 1,… , 𝐾 − 1},
1 if 𝑖 = 𝐾,

𝑖 =
⎧

⎪

⎨

⎪

⎩

[𝛼(≥,)𝑖−1 , 𝛼
(<,F𝑝,𝑞 )
𝑖 ] ∩ F𝑝,𝑞 if 𝑖 ∈ [𝐾 − 1],

[𝛼
(≥,F𝑝,𝑞 )
𝐾−1 , 𝛼

(≤,F𝑝,𝑞 )
𝐾 ] ∩ F𝑝,𝑞 if 𝑖 = 𝐾.

Without loss of generality, we assume that 𝑖 ≠ ∅ for all 𝑖 ∈ [𝐾];
otherwise, we remove empty 𝑗 , decrease 𝐾, and re-index 𝑖 so that 𝑖 if
non-empty for all 𝑖 ∈ [𝐾]. We note that since 0, 1 ∈ F𝑝,𝑞 , there is at least
one non-empty 𝑖 and 𝐾 ≥ 1. Additionally, unlike in F𝑝, in F𝑝,𝑞 𝑖 is
finite due to the existence of the smallest positive number. Then, by the
above definitions, it holds that sup𝑖−inf 𝑖 ≤ 𝛿, 𝑖1 and 𝑖2 are disjoint
if 𝑖1 ≠ 𝑖2, and ⋃

⋅ 𝑖∈[𝐾] 𝑖 = [0, 1] ∩F𝑝,𝑞 . For each 𝜾 = (𝜄1,… , 𝜄𝑑 ) ∈ [𝐾]𝑑 , we
also define

𝜸𝜾 = arg min
𝐱∈𝜄1×⋯×𝜄𝑑

|𝑓 ∗(𝐱) − ⌈𝑓 ∗(𝐱)⌋|,

which is well-defined since 𝜄1 ×⋯ × 𝜄𝑑 is non-empty and finite.
We are now ready to introduce our Step network construction 𝑓𝜃 :

𝑓𝜃(𝐱;F𝑝,𝑞) =
⨁

⌈𝑓 ∗(𝜸𝜾)⌋⊗ 1

[( 2𝑑
⨁

ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

)

⊖ 𝑑 ≥ 0

]

,

15

𝜾∈[𝐾]𝑑 𝑗=1
where for each 𝑗 ∈ [𝑑] and 𝜾 = (𝜄1,… , 𝜄𝑑 ) ∈ [𝐾]𝑑 ,

ℎ𝜾,2𝑗−1(𝑥) =

⎧

⎪

⎨

⎪

⎩

1
[

𝑥 − 𝛼
(≥,F𝑝,𝑞 )
𝑗−1 ≥ 0

]

if 𝜄𝑗 ∈ {2,… , 𝐾},

1
[

𝑥 + 𝛼
(≥,F𝑝,𝑞 )
0 ≥ 0

]

if 𝜄𝑗 = 1,

ℎ𝜾,2𝑗 (𝑥) =

⎧

⎪

⎨

⎪

⎩

−1
[

𝑥 − 𝛼
(≥,F𝑝,𝑞 )
𝑗 ≥ 0

]

if 𝜄𝑗 ∈ {1,… , 𝐾 − 1},

−1
[

𝑥 − 𝛼
(>,F𝑝,𝑞 )
𝐾 ≤ 0

]

if 𝜄𝑗 = 𝐾.

ince ℎ𝜾,𝑗 (𝑥) ∈ {−1, 0, 1}, ℎ𝜾,2𝑗−1(𝑥) + ℎ𝜾,2𝑗 (𝑥) = {−1, 0, 1}, we have
|

|

|

|

|

|

𝑚
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

|

|

|

|

|

|

≤ 𝑑 ≤ 2𝑝.

or any 1 ≤ 𝑚 ≤ 2𝑑. Therefore, by Lemma 25, all operations in
he computation of ⨁2𝑑

𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z ) are exact. Furthermore, for each
∈ F𝑑𝑝,𝑞 ∩ [0, 1]𝑑 , we have

2𝑑

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

{

= 𝑑 if 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,
< 𝑑 if 𝐱 ∈ ([0, 1]𝑑 ∩ F𝑑𝑝,𝑞) ⧵ (𝜄1 ×⋯ × 𝜄𝑑 ).

ince ⋃

⋅ 𝜾∈[𝐾]𝑑 𝜄1 ×⋯ × 𝜄𝑑 = F𝑑𝑝,𝑞 ∩ [0, 1]𝑑 , we have

𝑓𝜃(𝐱;F𝑝,𝑞) = ⌈𝑓 ∗(𝜸𝜾)⌋, ∀𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 .

Hence, for each 𝜾 ∈ [𝐾]𝑑 and 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,

|𝑓𝜃(𝐱;F𝑝,𝑞) − 𝑓 ∗(𝐱)| = |⌈𝑓 ∗(𝜸𝜾)⌋ − 𝑓 ∗(𝜸𝜾)| + |𝑓 ∗(𝜸𝜾) − 𝑓 ∗(𝐱)|
≤ |⌈𝑓 ∗(𝐱)⌋ − 𝑓 ∗(𝐱)| + 𝜀,

where we use Eq. (82) for the above inequality. Since each ℎ𝜾,𝑗
can be implemented by a Step network of 3 parameters,
1
[(

⨁2𝑑
𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕2⌉Z )

)

⊖ 𝑑 ≥ 0
]

can be implemented using 6𝑑+1 param-
eters. This implies that our 𝑓𝜃 can be implemented by a Step network
of 3 layers and (6𝑑 + 2)𝐾𝑑 parameters. This completes the proof.

6.5. Proof of Theorem 10

Recall that 𝜂 = 2−𝑝+𝑒𝑚𝑎𝑥 is the smallest positive number in F𝑝,𝑞 . For
each 𝑖 ∈ [𝑛], we also define ℎ𝑖,1,… , ℎ𝑖,4𝑑 as follows: for each 𝑗 ∈ [𝑑], if
𝑧𝑖,𝑗 ≠ 0,

ℎ𝑖,4𝑗−3 = 𝜓𝜃1,1,𝑡𝑖,𝑗,1 , ℎ𝑖,4𝑗−2 = 𝜓𝜃1,2,𝑡𝑖,𝑗,1 ,

ℎ𝑖,4𝑗−1 = −𝜓𝜃1,1,𝑡𝑖,𝑗,2 , ℎ𝑖,4𝑗 = −𝜓𝜃1,2,𝑡𝑖,𝑗,2 ,

where 𝑡𝑖,𝑗,1 = 𝑧𝑖,𝑗 and 𝑡𝑖,𝑗,2 = 𝑧+𝑖,𝑗 . If 𝑧𝑖,𝑗 = 0,

ℎ𝑖,4𝑗−3 = −𝜓𝜃2,1,𝑡𝑖,𝑗,1 , ℎ𝑖,4𝑗−2 = −𝜓𝜃2,2,𝑡𝑖,𝑗,1 ,

𝑖,4𝑗−1 = −𝜓𝜃1,1,𝑡𝑖,𝑗,2 , ℎ𝑖,4𝑗 = −𝜓𝜃1,2,𝑡𝑖,𝑗,2 ,

here 𝑡𝑖,𝑗,1 = −𝜂 and 𝑡𝑖,𝑗,2 = 𝜂, and 𝜓𝜃1,1,𝑧 , 𝜓𝜃1,2,𝑧 are defined in
emma 27.

From Lemma 27, the signs of ℎ𝑖,4𝑗−3(𝑥), ℎ𝑖,4𝑗−2(𝑥) are different. The
igns of ℎ𝑖,4𝑗−1(𝑥), ℎ𝑖,4𝑗 (𝑥) are also different. Let s4𝑗−3 = sℎ𝑖,4𝑗−3(𝑥), s4𝑗−1 =

ℎ𝑖,4𝑗−1(𝑥). Since |𝑧𝑖,𝑗 | < (2 − 𝑢) × 2−2−𝑝+𝑒𝑚𝑎𝑥 for all 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑑], by
Lemma 27, we have

|ℎ𝑖,4𝑗−3(𝑥)|, |ℎ𝑖,4𝑗−2(𝑥)|, |ℎ𝑖,4𝑗−1(𝑥)|, |ℎ𝑖,4𝑗 (𝑥)| ∈ {0} ∪ [2𝑝],
4

⨁

𝑘=1
ℎ𝑖,4𝑗−4+𝑘(𝑥) =

{

1
[

𝑥 = 𝑧𝑖,𝑗
]

if 𝑧𝑖,𝑗 ≠ 0,
−1[𝑥 ≤ −𝜂] − 1[𝑥 ≥ 𝜂] = 1[𝑥 = 0] − 1 if 𝑧𝑖,𝑗 = 0,

or all 𝑥 ∈ F𝑝,𝑞 with |𝑥| ≤ (2 − 𝑢) × 2−3+2𝑞−2 .
Let 0 ≤ 𝑚 < 𝑑 ≤ 2𝑝. For 𝑚, suppose s4𝑚+1 = 1. Then we have

𝑖,4𝑚+1(𝑥) + ℎ𝑖,4𝑚+2(𝑥) = 𝑙4𝑚+1 ∈ {0, 1} and

−2𝑝 < −𝑚 ≤
4𝑚
⨁

ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 < 2𝑝, ℎ𝑖,4𝑚+1(𝑥) ∈ {0} ∪ [2𝑝],

𝑗=1
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−2𝑝 ≤ −𝑚 + ℎ𝑖,4𝑚+1(𝑥) ≤
4𝑚+1
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 + ℎ𝑖,4𝑚+1(𝑥) < 2𝑝+1,

− ℎ𝑖,4𝑚+2(𝑥) ∈ {0} ∪ [2𝑝],

−2𝑝 < −𝑚 + 𝑙4𝑚+1 ≤
4𝑚+2
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 + 𝑙4𝑚+1 ≤ 2𝑝.

By Lemma 25, all above operations in ⨁4𝑚+2
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact.

Suppose s4𝑚+1 = −1. Then we have ℎ𝑖,4𝑚+1(𝑥) + ℎ𝑖,4𝑚+2(𝑥) = 𝑙4𝑚+1 ∈
{0,−1}, and

−2𝑝 < −𝑚 ≤
4𝑚
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 < 2𝑝, −ℎ𝑖,4𝑚+1(𝑥) ∈ {0} ∪ [2𝑝],

−21+𝑝 < −𝑚 + ℎ𝑖,4𝑚+1(𝑥) ≤
4𝑚+1
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 + ℎ𝑖,4𝑚+1(𝑥) ≤ 2𝑝,

ℎ𝑖,4𝑚+2(𝑥) ∈ {0} ∪ [2𝑝],

−2𝑝 ≤ −𝑚 + 𝑙4𝑚+1 ≤
4𝑚+2
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 𝑚 + 𝑙4𝑚+1 < 2𝑝.

By Lemma 25, all above operations in ⨁4𝑚+2
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact.

Since s4𝑚+3 = −1, we have ℎ𝑖,4𝑚+3(𝑥) + ℎ𝑖,4𝑚+4(𝑥) = 𝑙4𝑚+3 ∈
{0,−1}, 𝑙4𝑚+1 + 𝑙4𝑚+3 ∈ {0,−1}, and

−2𝑝 ≤ −𝑚 + 𝑙4𝑚−1 ≤
4𝑚+2
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 2𝑝,

− ℎ𝑖,4𝑚+3(𝑥) ∈ {0} ∪ [2𝑝],

−21+𝑝 ≤ −𝑚 + 𝑙4𝑚−1 + ℎ𝑖,4𝑚+3(𝑥) ≤
4𝑚+3
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) ≤ 2𝑝 + ℎ𝑖,4𝑚+3(𝑥),

ℎ𝑖,4𝑚+4(𝑥) ∈ {0} ∪ [2𝑝],

−2𝑝 ≤ −𝑚 + 𝑙4𝑚−1 + 𝑙4𝑚−3 ≤
4𝑚+4
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥) < 2𝑝 + 𝑙4𝑚−3 ≤ 2𝑝.

By Lemma 25, all above operations in ⨁4𝑚+2
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact.

Therefore we conclude that all operations in ⨁4𝑑
𝑗=1 ℎ𝑖,𝑗 (𝑥) are exact

with |

⨁4𝑑
𝑗=1 ℎ𝑖,𝑗 (𝑥)| ∈ {0} ∪ [2𝑝].

We design the target network 𝑓𝜃 as follows:

𝑓𝜃(𝐱;F𝑝,𝑞) =
𝑛

⨁

𝑖=1
𝑦𝑖 ⊗ ReLU

(( 4𝑑
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑥⌈𝑗∕4⌉Z )

)

⊕ 𝑏𝑖

)

,

where 𝑏𝑖 = |𝑗 ∈ [𝑑] ∶ 𝑧𝑖,𝑗 = 0| − (𝑑 − 1). Since for each 𝑘 ∈ [𝑛]

4𝑑
⨁

𝑗=1
ℎ𝑖,𝑗 (𝑧𝑘,⌈𝑗∕4⌉Z )

{

= 𝑏𝑖 + 1 if 𝐳𝑘 = 𝐳𝑖,
≤ 𝑏𝑖 if 𝐳𝑘 ≠ 𝐳𝑖,

𝑓𝜃 memorizes the target dataset. Since there are 5 parameters for each
ℎ𝑖,𝑗 , 𝑓𝜃 has 20𝑑𝑛 + 2𝑛 parameters. This completes the proof.

6.6. Proof of Theorem 11

The proof of Theorem 11 is almost identical to that of Theorem 9;
we define 𝑖, 𝛼𝑖, and 𝜸𝜾 as in Section 6.4. For each 𝜾 ∈ [𝐾]𝑑 , 𝑗 ∈ [𝑑], we
also define ℎ𝜾,1,… , ℎ𝜾,4𝑑 as follows:

ℎ𝜾,4𝑗−3 =

⎧

⎪

⎨

⎪

⎩

𝜓𝜃1,1,𝑡𝜾,𝑗,1 if 𝜄𝑗 ∈ {2,… , 𝐾},

−𝜓𝜃2,1,𝑡𝜾,𝑗,1 if 𝜄𝑗 = 1,

ℎ𝜾,4𝑗−2 =

⎧

⎪

⎨

⎪

⎩

𝜓𝜃1,2,𝑡𝜾,𝑗,1 if 𝜄𝑗 ∈ {2,… , 𝐾},

−𝜓𝜃2,2,𝑡𝜾,𝑗,1 if 𝜄𝑗 = 1,

ℎ𝜾,4𝑗−1 = −𝜓𝜃1,1,𝑡𝜾,𝑗,2 ,

ℎ = −𝜓 ,
16

𝜾,4𝑗 𝜃1,2,𝑡𝜾,𝑗,2
o

𝑡𝜾,𝑗,1 =

⎧

⎪

⎨

⎪

⎩

−𝜂 if 𝜄𝑗 = 1,

𝛼
(≥,F𝑝,𝑞 )
𝑗−1 if 𝜄𝑗 ∈ {2,… , 𝐾},

𝑡𝜾,𝑗,2 =

⎧

⎪

⎨

⎪

⎩

𝛼
(≥,F𝑝,𝑞 )
𝑗 if 𝜄𝑗 ∈ {1,… , 𝐾 − 1},

𝛼
(>,F𝑝,𝑞 )
𝐾 if 𝜄𝑗 = 𝐾.

and 𝜓𝜃1,1,𝑧 , 𝜓𝜃1,2,𝑧 are defined in Lemma 27.
Namely, we have

ℎ𝜾,4𝑗−3(𝑥)⊕ ℎ𝜾,4𝑗−2(𝑥) =

⎧

⎪

⎨

⎪

⎩

−1[𝑥 ≤ −𝜂] if 𝜄𝑗 = 1,

1
[

𝑥 ≥ 𝛼
(≥,F𝑝,𝑞 )
𝑗−1

]

if 𝜄𝑗 ∈ {2,… , 𝐾},

ℎ𝜾,4𝑗−1(𝑥)⊕ ℎ𝜾,4𝑗 (𝑥) =

⎧

⎪

⎨

⎪

⎩

−1
[

𝑥 ≥ 𝛼
(≥,F𝑝,𝑞 )
𝑗

]

if 𝜄𝑗 ∈ {1,… , 𝐾 − 1},

−1
[

𝑥 ≥ 𝛼
(>,F𝑝,𝑞 )
𝐾

]

if 𝜄𝑗 = 𝐾,

4
⨁

𝑘=1
ℎ𝜾,4𝑗−4+𝑘(𝑥) =

⎧

⎪

⎨

⎪

⎩

1
[

0 ≤ 𝑥 < 𝛼
(≥,F𝑝,𝑞 )
1

]

− 1 if 𝜄𝑗 = 1,

1
[

𝛼
(≥,F𝑝,𝑞 )
𝑗−1 ≤ 𝑥 < 𝛼

(≥,F𝑝,𝑞 )
𝑗

]

if 𝜄𝑗 ∈ {2,… , 𝐾 − 1},

for all 𝑥 ∈ F𝑝,𝑞 with |𝑥| ≤ (2 − 𝑢) × 2−3+2𝑞−2 , by Lemmas 25 and 27. We
design the target network 𝑓 as follows:

𝑓𝜃(𝐱;F𝑝,𝑞) =
⨁

𝜾∈[𝐾]𝑑
⌈𝑓 ∗(𝜸𝜾)⌋⊗ 1

[( 4𝑑
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z )

)

⊕ 𝑏𝑖 ≥ 0

]

.

where 𝑏𝑖 = |𝑗 ∈ [𝑑] ∶ 𝑧𝑖,𝑗 = 0| − (𝑑 − 1).
By similar argument presented in the proof of Theorem 10, all

operations in ⨁4𝑑
𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z ) are exact by Lemma 25, i.e., for each

𝑘 ∈ [𝑛]
4𝑑
⨁

𝑗=1
ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z )

{

= −𝑏𝑖 + 1 if 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,
≤ −𝑏𝑖 if ([0, 1]𝑑 ∩ F𝑑𝑝,𝑞) ⧵ (𝜄1 ×⋯ × 𝜄𝑑 ),

This implies that for each 𝜾 ∈ [𝐾]𝑑 and 𝐱 ∈ 𝜄1 ×⋯ × 𝜄𝑑 ,

|𝑓𝜃(𝐱;F𝑝,𝑞) − 𝑓 ∗(𝐱)| = |⌈𝑓 ∗(𝜸𝜾)⌋ − 𝑓 ∗(𝜸𝜾)| + |𝑓 ∗(𝜸𝜾) − 𝑓 ∗(𝐱)|
≤ |⌈𝑓 ∗(𝐱)⌋ − 𝑓 ∗(𝐱)| + 𝜀,

where we use Eq. (82) for the above inequality. Since each ℎ𝜾,𝑗 can
be implemented by a ReLU network of 3 layers and 5 parameters by
Lemma 27, 1

[(

⨁4𝑑
𝑗=1 ℎ𝜾,𝑗 (𝑥⌈𝑗∕4⌉Z )

)

⊕ 𝑏𝑖 ≥ 0
]

can be implemented using
20𝑑 + 1 parameters. This implies that our 𝑓 can be implemented by a
ReLU network of 4 layers and (20𝑑 + 2)𝐾𝑑 parameters. This completes
the proof.

7. Discussions

In this section, we discuss possible extensions of our research. One
possible direction is to explore general activation functions, which
may require more cautious inspections of floating-point operations.
For example, in our ReLU network constructions, we approximate a
Step function via a ReLU network of size 𝑂(1) using the flat region of
ReLU, i.e., ReLU(𝑥) = 0 for all 𝑥 ≤ 0. However, even most piecewise
linear activation functions, such as Leaky-ReLU, do not have such a flat
region, i.e., our ReLU network constructions do not easily generalize.

We expect that networks using general smooth functions require
more caution. This is because there are various different ways to imple-
ment each function in floating-point numbers. Consider the exponential
function 𝑒𝑥, for instance. Mathematically, it can be computed via the
Taylor series expansion as 𝑒𝑥 = 1 ⊕ 𝑥 ⊕ (𝑥 ⊗ 𝑥 ⊗ 2−1) ⊕⋯. However,
the result of floating-point operations can vary depending on their
operation order, e.g., (( 16 ⊗ 𝑥) ⊗ 𝑥) ⊗ 𝑥 ≠ 1

6 ⊗ (𝑥 ⊗ (𝑥 ⊗ 𝑥)). Addi-
ionally, a standard approach to implement the exponential function
s to divide the input range into several regions and calculate the
uput differently in each region (Muller, 2016). Such a complicated
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method is used to guarantee a small rounding error in the output; for
instance, the GNU C library (Loosemore, Stallman, McGrath, Oram, &
Drepper, 2024) claims that its implementation of various mathemati-
cal functions (e.g., exp, log, sin) has a maximum error of 10 ulps3 for
most inputs. Therefore, when discussing the universal approximation
property of a specific activation function in the floating-point setting,
we should specify not just the activation itself but also its computation
protocol and its guaranteed error bounds. It would be an interesting
research topic to analyze the approximation capacity of each activation
computing protocol.

We can also explore another arithmetic approach, integer arith-
metic, which is utilized in quantized neural networks. Additionally, it
will be an interesting research topic to investigate the expressive power
of more general network architectures such as residual networks, and
convolutional neural networks.

8. Conclusion

In this work, we investigate the expressive power of neural networks
under the fully floating-point setting; all parameters of neural networks,
inputs, and intermediate values are floating-point, and neural networks
are represented as compositions of floating-point operations. Under
unbounded exponent floating-point arithmetic F𝑝, we first demonstrate
that Step network has memorization universal approximation prop-
erties (Theorems 2 and 3). Following this, we establish that ReLU
network also exhibits memorization universal approximation properties
by constructing the indicator function using ReLU network (Theorems 5
and 6). Additionally, under bounded exponent floating-point arith-
metic F𝑝,𝑞 , we also demonstrate that Step and ReLU network possess
memorization and universal approximation properties (Theorems 8–
11). Because underflow and overflow in F𝑝,𝑞 presents challenges in
constructing the network, we develop several technical lemmas to
address this (Lemmas 23–27).

On the other hand, most prior works regarding universal approxi-
mation assume real-valued inputs and parameters and/or exact math-
ematical operations, which cannot be simulated by modern computers
that can only represent a tiny subset of the real numbers and apply
inexact operations. Considering that almost all neural networks are
indeed implemented under floating-point machinery, it is important to
theoretically analyze the properties of floating-point neural networks.
To the best of our knowledge, this is the first work to tackle the univer-
sal approximation property under the floating-point setting. We believe
that our results and analyses under floating-point operations would
contribute to a better understanding of the performance of modern deep
and narrow networks that are executed on actual computers.
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